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ABSTRACT

A voting system is a set of rules that a community adopts to take
collective decisions. In this paper we study voting systems for a
particular kind of community: electronically mediated social net-
works. In particular, we focus atelegative democradg.k.a. proxy
voting) that has recently received increased interest for its ability to

combine the benefits of direct and representative systems, and thaf

seems also perfectly suited for electronically mediated social net-
works. In such a context, we consider a voting system in which
users can only express their preference for one among the peopl
they are explicitly connected with, and this preference can be prop-
agated transitively, using an attenuation factor.

We present this system and we study its properties. We also take

into consideration the problem of missing votes, which is particu-
larly relevant in online networks, as some recent case shows. Our
experiments on real-world networks provide interesting insight into
the significance and stability of the results obtained with the sug-
gested voting system.

Categories and Subject Descriptor$i.4.3 Information Systems
Applications]: Communications Applications

General TermsAlgorithms

Keywords Social networks, e-democracy

1. INTRODUCTION

On April 23, 2009, Facebook announced the preliminary results
of a site-governance vote, a ballot in which the users were called to
express themselves on a change in the terms of use of the popula
social networking site. The event was presented as an important
step in the history of social networkihg

The vote came as the result of a petition by thousands of out-
raged Facebook users, who criticized the social networking site for
claiming too many rights over the user-generated content. In an
attempt to make the social network more democratic, Facebook de-

cided to let the users choose between the current terms of use and
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two new documents it had published regarding site governance. It
was also announced that at least 30% of the roughly 200 millions
active Facebook users would have had to vote for the results to be
binding. The outcome was that the new rules were preferred by
74.4% of the voters. And while only 600,000 users (0.3%) voted—
a turnout far smaller than Facebook had hoped for—the rules were
dopted neverthelessThe global privacy watchdog, Privacy Inter-
national, called the Facebook vote a “massive confidence tfick”.
The low voting turnout was largely foreseeable. Obviously, only

& small fraction of Facebook users have the time, patience and ded-

ication, and take the service seriously enough to actively participate
in its governance. Attempting this kind dfrect democracyoting

in a large social network turned out not to be a good idea. As we
discuss in the rest of this section, there exist other voting systems
that are more appropriate for online social networks, and that can
raise the voting turnout and the credibility of the whole democratic
process.

1.1 Transitive Proxy Voting System

A voting system [1, 12] is a set of rules that a community adopts
to take collective decisions. It specifies the way the voters express
their preference (sometimes called thedlot), and the algorithm
that determines the final outcome (sometimes calletkthg. Vot-
ing is done for basically one of two purposes: to decide orotion
(e.g., to pick the best among a series of alternatives), or to elect a
representativer set of representatives (e.g., to elect a senate). In
Poth cases the final goal is that of making decisions which reflect
as much as possible the opinion of the citizens. The difference is
the way in which this is pursued.

The former case, known dérect democracyis based on the idea
of ensuring maximum equality and fairness by making all citizens
vote directly for the different motions. Direct democracy works
better in practice for small cohesive groups. When public decisions
reach a certain level of complexity, it becomes impractical for every
citizen to become fully informed on every issue.

The latter case, known aspresentative democracinvolves a
relatively small number of representatives who are elected by the
citizens to take decisions on their behalf. Beyond the issue of which
representation structure is the most appropriate for a given context,
representative democracy presents certain risks in practice. For in-
stance, by concentrating power in the hands of a small political
elite, it creates fertile ground for corruption, entrenchment, conflict
of interest, etc., which may result in bad government.
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A third way, combining the benefits of direct and representative cial, simpler case of PageRank for which we provide a closed-form
democracy while avoiding some of their drawbacks, is the so called formula.
delegative democraayhich is based oproxy voting[5, 8, 19]. In In Section 5 we tackle some issues that apply specifically to the
this context a citizen can decide either to express directly her opin- case of electing multiple representatives. In Section 6 we present
ion on an issue, or to delegate her vote torexy, that is, another experimental results from a simulated vote in two social networks.
citizen that she trusts. If the proxy votes directly on the issue, the
weight of all delegated votes she received are added to her vote.2, VOTING IN A SOCIAL NETWORK
Proxy delegation may be transitive: one’s vote can be further dele- 1 ¢lass of social networks under examination are the ones hav-
gated to her proxy’s proxy. L ing mutual (symmetric) friendship relationships, that are modeled
In this novel kind of democracy, also known tguid democ- by means of anndirected graptof friendship, sayé = (Vg, Eg),
racy?, citizens vote for local candidates who they know and trust defined by a set of vertices (or noda&} and a symmetric set of
personally, rather than distant candidates they know only through edgesEg C Vg x Vg. We let, for everyx e Vg, Ng(x) = {y |
reputation, costly mass-media campaigns and televised debates. X, y) € EE;} (the neighborsof x in G). For the sake of presen-
This voting system seems well suited for online social networks. (aion, we will assume tha® is connected; this is not a limiting
In fact, people’s social connections can be seen as a mixture of 355 mption as our results can be easily extended to deal with dis-
strong tiegfamily, close friends) andieak tiegdistant friends, ac- connected components.
quaintanc_es)_. Electronically-medigted social network_s allow peo-  Tpe key aspect of the voting system that we propose for social
ple to maintain many more weak ties than before. This means that eqyorks is that votes can be delegated transitively along the exist-
the number of connections they have is larger than what one (:oulding edges of the social network. That is, any member of the network
consider an actual “friendship” network. On the other hand, current .1, choose a proxy among her contacts. A person can also choose
social networks are mostly networks of peers, in which the “super- .\ 1 delegate her vote.
stars” (the individuals with the larger number of connections) do  gagides the obvious organizational advantages, the assumption
not have the visibility that can be achieved through mass media. hat yotes can only be assigned to a direct connection is twofold:

The “super-stars” in a social network may be known by only atiny 5, one hand, voters can base their decision on a direct personal
fraction of the network. . knowledge of the person they vote for, making propaganda essen-
Proxy-voting systems encourage people to cooperate to build di- 51y yseless and thus decoupling popularity from credibility; on
rect, permanent political and social relationships with each other yhe gther hand, the fact that mandates are attributed through a chain

and with their individual supporters, forming a web of trust. EV- ¢ girect connections should ensure a stronger sense of responsibil-
eryone can achieve political influence proportional to their level of

ity.
public support. Y ) .
. . . . The tally. In the rest of this paper, unless explicitly stated, we
1.2 Paper contribution and organization consider voting in general, without distinguishing between voting

In this paper we Study the pr0b|em of Voting in e|ectronica||y_ for motions and VOting for ChOOSing representatives, as both can
mediated social networks. We focus delegative voting systems ~ be implemented using the same system. In particular, when vot-
in which votes are transferred through a path of voting choices over ing for motions a weighted count is performed, where each voter
the social network, possiblgampingthe vote by an attenuation  that decides not to delegate and instead expresses her preference
factor that reduces the strength of the mandate as the vote travel$ounted, weighted by the amount of delegation she has received.
towards farther pe0p|e. Specifica”y, we propose a Systed’em_ In the case of VOting for representatives, a distinction worth con-
gable proxy voting with exponential damping sidering is that between single-winner and multiple-winner sys-

Although the theory of voting systems is a well-studied subjectin tems. When a committee haviisgseats must be selected, we can
social and political sciences, economics and mathematics, there ar&imply select the tog-scoring candidates. However, there are other
some assumptions behind the classical theory that hold true in theoptions, and we defer the discussion of them to Section 5; unless
traditional scenarios but may fail in electronically-mediated social Stated otherwise the remainder of the discussion applies to both the
networks. In particular, we study voting systems in which people Single-winner and the multiple-winner case.
can only vote for someone they are explicitly connected to. The ballot. Various possible choices exist for defining the ballot.

In the next section we provide some background and preliminar- “One-vote” voting systems are those in which a voter picks ex-
ies for our voting system, bridging some notionsvoting theory  actly one candidate; in our case, one contact. ‘rmaked” voting
in social science and concepts from graph theory. In this paper, system, each voter would rank her contacts in order of preference,
we discuss several design choices in terms of notions from voting and in a“rated” voting system, voters would give a score to each
theory, translate each choice in the context of the class of voting contact. In this paper we consider only three-votekind of ballot,
systems under consideration, and select one alternative for analy4eaving the other two cases for future investigation.
sis. Due to space constraints, we do not explore in detail every Every nodex € V choosexactly one of his neighbois G and
branch of the possible design choices we present in this paper.  delegates to her. More formally, the voters’ choices are expressed

In Section 3 we enter in the mathematical characterization of py avoting function(or simply “voting”), a functiorw : Vg — Vg
the proposed voting system. We characterize the delegation graphsuch that one has(x) € Ng (x) for all x € V; the set of all voting
and the possibleinnersand prove several properties of our voting  functions forG is denoted by Vat. For everyv € Votg we let
systems. D(G, v) (thedelegation graphbe the directed graptV, A) where

In Section 4 we study how to deal with missing votes (absten- A = {(x,v(X)) | X € V}. For persons that do not delegate, we
tion), including the limit case in which nobody actually expresses a include a self-loop in the delegation graph, implicitly assuming a
preference. The study of this limit situation leads to the definition self-loop at each node in the friendship graph.
of a node centrality measure, dubbeating centrality We show
that in this case the voting score of a node can be seen as a speProposition 1 The delegation graph D= (V, A) is a directed,
out-regular graph with out-degree 1. D is made of weak compo-
nents each formed by a cycle with trees (oriented towards their
roots) attached to every node in the cycle.

S
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3.1 Transitive proxy voting and PageRank

In PageRank, the arcs of a directed graph represent hyperlinks
between web pages, and a hyperlink is seen as a way to confer au-
thority. More precisely, every time a pagepoints to a page, X
is transferring a part of its own authority 1o more precisely, ik
points tok pages, its authority will be equally distributed among
those pages. This process is iterated transitively, with an attenua-

Figure 1. An example of delegation graph over a social net-  tion factor introduced to limit the risk of forming oligopoliesa(k
work. Delegations are represented by solid arcs, the remainder  sinksin the PageRank jargon).
connections by dashed edges. Although there are many equivalent ways to define PageRank

formally, for our purposes it is convenient to introduce it using the
) . ) path formula of [10]: given a directed grafih = (Vp, Ep), and
Figure 1 illustrates an example of delegation graph. for a fixeda € [0, 1) referred to as thdamping factorwe define
Interpretation of the ballot. In a delegable proxy voting, given  the PageRank of nodee Vp as
that the vote is delegable, what a nodgotes actually affects all 1—o
the nodes that transitively votes for—all the nodes along the path rop(x) = Z o or(r)
to the root or roots of the weakly connected component containing D ePatp (=)
the node. Hence, a “one-vote” delegable proxy voting system can )
be interpreted as a ballot in which a person (implicitly) votes for Wherenp = [Vp| (the number of nodes dd), Pathy (—, x) is the
several candidates simultaneously. The case of voting for multiple S€t of all directed paths db ending inx and the branching of a

candidates has three main interpretations in voting thecuynu- path is defined as follows:

Iatiye voting(or weighted voting)approval voting or preferential bt : 1

voting X1y ooy Xkt1) = T T ,
In a cumulative voting interpretatiol (G, v) describes for each INg (XD .- INp (X0

useru an assignment of scores that forms a distribution over the
other users, with a weight of 0 for users that can not be reached
from u following a delegation path iD(G, v). In an approval
voting interpretation D (G, v) indicates that a user “approves”

all users reachable through a delegation path. These two cases ar
considered in the exponentially damped system of Section 3.

In a preferential voting interpretation, each useaianks all the
people along the path to a root of the connected components. This
adds a level of complexity to the interpretation, not only because of (voting) scoreof nodex for the voting functiony asr x)
the de;cription of thelspecific rank.aggregaltion method, but be.(:ausethe PageRank of in the directed grapid (G, v). Notg(ﬁél\)/\)/evér,
there is another choice between interpreting the user’s ranking 8S 2t the PageRank formula applied to such simple graphs tums out

giving more preference to nodes close by than farther away (as in . .
the exponentially damped case), or the exact opposite, which canto be much easier to analyze. In a graph with out-degree 1, the
P y b ' PP ' branching factor is always 1; so we can write:

not be dismissed out of hand. We thus leave the preferential voting

whereN{ (2) is the set of out-neighbors af i.e., N (2) = {w |
(z, w) € Ep}. Intuitively, every node receives its importance (its
delegations) through incoming paths: every incoming path gives a
contribution that depends on the number of branches the path con-
?ains, and that decays exponentially with its length. The PageRank
formula can also be applied to amdirectedgraph, by looking at
an edgee = {X, y} as if it were a pair of arcex, y), (y, X).

Let us adopt the PageRank method in our context: we define the

interpretation for future work. oo 1-w) Z Pl
I — n ] .
3. TRANSITIVE PROXY VOTING SYSTEM pePati(=1)
WITH EXPONENTIAL DAMPING This voting system depends on a single parametén the fol-

lowing, we discuss its properties for “small enough” and “large
enough”values af. Itis worth noting that for any reasonable value
of « the ballot has a cumulative interpretation, while the approval
interpretation corresponds to the voting system with no damping
factor (i.e., whenr — 1).

In this section, we will present our proposed tally system, the
transitive proxy voting system with exponential dampiiigis is
similar to standard proxy voting, but with a damping factor that
introduces some reluctance in the way delegated votes are trans
ferred. This reluctance corresponds intuitively to the idea that in an

electronically mediated social network typically you cannot fully 3.2 Criteria that hold for this system
trust your connections, and you want to refrain from giving them In this section, we will collect a number of properties that hold
all of your delegation. We might call this form of proxy voting a . 7 prop
) P " true for this voting system. For sake of presentation, we assume to
viscous democracfa form of “liquid democracy”), because of the ; . . ; ;
. . vote for selecting representatives, i.e, the final result of the election
way trust decays with the distance. . .
is a non-empty set afiinners that depends on the votes cast by the

The situation is not much different from the typical link-based . B .
. N nodes and on a parametere [0, 1) that determines how “transi-
ranking schema la PageRank [14], where every vote transfers by .~ . ; o
tive” a vote is ¢ = 0 means that the vote is not transitive at all,

transitivity to distances larger than one, but with an attenuation fac- . X . L
) AR . i.e., that it does not propagate). A noxlés transientif it votes for
tor; Yamakaweet al. [19] use similar ideas, but aim &ttal vote . s
L o . ; ) - a node that does not transitively vote fofi.e., iff it is a non-root
estimationby mixing voters and motions in a single matrix: as a ) :
node of a tree)pon-transienobtherwise.

result, their election results are incomparable with ours (see Sec-
tion 7 for a more detailed comparison). Undelegable mandatesThe intuitive desire that a strong mandate

cannot be delegated is satisfied at some extent in our voting system,
as the following proposition shows:



Proposition 2 Suppose that x votes for y, y votes for z, and y, z
do not receive other votes. Then the score of y is larger than the
score of z iff the score of x is larger than the average.

PrROOF The ranks ofy andz expressed in terms of the rank of

X are
1- n
n 1—«a

1-— n
a(l—i—a—l—az rx).
11—«

y

Iz

Hence, the conditiony > rz can be written as

n
rx>l—|—a1 I'x

1

which is true iffrx > 1/n, the average score.[]

In other words, ify receives a mandate that is greater than the

which implies
(@-ba < a?B) - Aw)

a;b B(a) — A(x)

<
which can never be true whenis sufficiently close to zero (the
left-hand side goes tooo, whereas the right-hand side is finite).]

As a corollary, we have:

Corollary 1 For sufficiently small, the vote of every node x can
only influence the victory of its neighbors (i.e., it can add or remove
only one of the neighbors of x from the set of winners).

Small damping (large «) determines winners by size of sub-
trees. Clearly, at least when is large enough, the nodes that ob-
tain the largest rank are the roots of all trees (we shall prove this

average, she will obtain a score that is greater than the one she caormally in Section 3.2): suppose that a node is the root of a tree
delegate; the average score is a threshold over which a receivedr of heightd(T), with ng(T) = 1 nodes at depth 0 (just the root),

mandate cannot be completely delegated.

Large damping (smalla) produces undelegable mandate<Con-
sider the delegation graph amakg 2 members shown in Figure 2,
and assume thatvotes for herself.

Figure 2: If the damping factor is large enough,y will be the
winner, otherwise x will be the winner.

Intuitively, we should consider that K is large enough, then
membery is receiving a strong mandate. Should themepre-
sent the community, independently from her choice of delegating
to membeix? Using the same idea as in Propositiory %ins over
x iff (1 —a)k/n > 1/n, thatise < 1/2 — 1/k (because there
is too much attenuation for the delegation to be transferred;to
of course, larger values of will make x win, as she would in a
traditional proxy system.

This can be easily explained to voters using this voting system.
The choice of the damping factor can be described as the choice
of the critical number of voterg* that creates an “undelegable”
mandate in this situation (of course other voters can affect the out-
come, buty alone can not). More precisely, if we want thdt or
more voters always make the mandatg t;mdelegable, we have to
choosex not larger than 2 — 1/k*.

Large damping (small «) makes only direct votes count. We
prove the following:

Proposition 3 For sufficiently smalk, all winners have the same
maximum number of voters (i.e., the same indegree in the delega-
tion graph).

PROOF Suppose that is hasa voters,y hasb voters and > b.
Then the score of is 1+ aa + «?A(a) whereas the score ofis
1+ ba + a?B(a), for suitable polynomial$\ and B with positive
coefficients. The score ofis smaller than the score gfiff

1+ aa + a?A@) < 1+ ba + a?B(a)

n1(T) nodes at depth 1 (the root’s children}(T) nodes at depth
2 etc. Then the rank of the root nodé€T) is proportional to

d(T)—-1

p(My= > m(Ma'.
t=0

At this point, the leader will be chosen among the nodes that partic-
ipate in the cycles (the roots of trees); suppose that a cycle contains
k nodes, say, ..., Xk_1, Wherex; is the root of a tredj. Then

the rank of node is a combination of the (Tj) obtained by:

k—1
> i
t=0

In the voting system under discussion, we can describe exactly
what happens in the case — 1, that is, when no damping is
introduced and the votes transfer transitively. We have i@
ends up being proportional to the number of nodes.dloreover,
we note that

ot

1— ok’

(1-a)
n

f

k—1

t
a(l—a)
oy p(Ti)———" =
1—
t=0
k—1 t
o
= Ti_ —
tgop(l t)1-1—014—012—1—-~-—|—otk_1

1 k—1
— K Zp(Ti,t) asa — 1.
t=0

Thus, wherw — 1 the winners aregk-aequdthe nodes on the cy-

cle belonging to the component with the largest average tree size.
In the voting theory jargon this set of nodes is caltaitimal dom-
inant set When in a voting system there is a minimal dominant set
of winners, the method is said to @ondorcet-efficienf8]. If no

cycle exists, the winner (i.e., the top-scorer) is precisely the root of
the largest tree (or the roots of the largest trees, if more than one
tree of largest size exists), as prescribed by proxy voting.

Small damping (large o) makes transient nodes loseWe prove
the following:

Proposition 4 For sufficiently largex, all winners are non-transient.



PROOF Suppose that is transient and votes far. The score
of xis (1 — @) S(«)/n, whereSis a polynomial with positive coef-
ficients (the coefficient afK being the number of descendantscof
at depthk), whereas the score gfis at leas(1— o) (1+aS(«))/n.
The score ok is smaller than the score gfiff

S(a) < 1+ aS(x);

if t is the sum of all the coefficients @&, the left-hand side tends
tot asa — 1, whereas the right-hand side tendg te 1, so the
above inequality is ultimately true, hengeannot be a winner for
sufficiently largex. [

Bolzano-Weierstrass’s theorem for voting.It is worth observing
that the scores produced by our voting system change continuousl
with o:

Proposition 5 If «g < a1, X is a winner atxg and y is a winner
at o1, then there is some € [«g, @1] such that both x and y are
winners ato.

PROOF Since the score is a rational function ofx with no
polesin[0, 1], the statement is trivial by continuity.[]

Ultimate sovereignty. The condition that every node can become
a winner is known asurjectivityor sovereignty

Proposition 6 If the graph G is reflexive (i.e., if everybody can
vote for himself), for sufficiently large every node can become a
winner.

PrROOF Due to Proposition 4, it is sufficient to prove that for all
nodex there is av € Votg such thatx is the only non-transient
in D(G, v). Consider a spanning tree f@ (recall thatG is con-
nected), and root it at; then, make every node vote for his parent
in the tree, and lex vote for itself. [

The reflexivity condition is needed, as explained in the following
counterexample: consider a graph with- 2 nodeszy, ..., zq_2
attached to a nodg, and the latter adjacent to the nadeln every
voting, z; can only vote fory, and so doeg; y can choose whether
to vote forx or for somegz;, but if we wantx to be a winnery must
vote forx. In this condition, though, the score »fandy are

1+a+(n—2)a?
n(l+a)
1+ (n— Do
n(l+ )
andry is always smaller than,, sox can never be a winner.

'x

8%

4. DEALING WITH MISSING VOTES

In a realistic scenario, only a (probably small) fraction of users

actually votes: recall the case discussed in the introduction. We

Yy

Formally, we define thgoting centralityof a nodex as follows:

1
Z 'D(G,v)(X)
|V0tG | veVotg

fe(X) =

which can be more explicitly rewritten as

L DY

T 7l
ng| Vot
Gl Gl veVotg ePathp (G, y) (—.X)

fe(X) = o

In the rest of this section we produce a closed formula for this
measure. We start by observing that for a voting functipa path
7w € Pathp(g,y)(—, X) is either a simple path of the friendship
graphG ending inx, or a simple path with a simple cycle con-
taining x attached at the end, possibly repeated many times: no
other case is possible, becau3€G, v) has out-degree 1 so it can
only contain a cycle at the end, if any.

Definition 1 Given two pathsrq, 70 € Paths(—, x), we write
m1 Lg x m2 to mean that the following conditions hold:

e 71 IS a simple path;

e 72 is a simple path or a simple cycle;

e the starting node (say y) af, appears inr1;

e except for x and yr1 andxp are disjoint.
Under these conditions, we let — 7o be the part of the patlrq
that appears after y, and we define the set

S(r1, w2) = (T (xS (11 — 7))k k > 0}.
Note that this set either contains onty (if [zo| = 0), or it is
infinite.
This definition is illustrated in Fig. 3, where we show two paths

1 andmwp and how they are oriented B(rr1, 72).
We have that:

Proposition 7 Letry Lg x 2. Then:
1. S(mq, ) are disjoint for different pairgm1, 72);
2. for everyp € S(mq, 7o), there are exactly

|Vot(G)| br(y S

elements € Vot(G) such thatp € Pathp (g ) (—, X);
3. if p € Pathp(g, ) (—, X) for somev, then there areri Llex
7, such thatp € Sy, 75).

PROOF Fromp € S(rr1, 72) one can deduce; andwo uniquely
as follows: 71 is the first part ofp until the first occurrence aof;
an is the following part of the path until the first repeated node (it
will be a cycle if the first node repeated rnis x itself). This proves
(1) and (3). To prove (2), notice that, fan, = (x4, ..., Xx) and
2 = (Y1, ..., Yh) youmustdefine(xj) = xjy1 forall0 <i <Kk,
andv(y;+1) =y forall0 < i < h; v(—) can be freely defined on
all the remaining nodes.[]

The lengths of the paths B(rr1, 72) are|m1|+k(€+|mwp|) where
¢ = |m1 — 2| andk > 0. Now

. X . . . . e Lty |+ (2]

would like to consider how the election can still be carried out in Za|n1\+k(€+lnzl) _ ¢ .
the presence of abstentionism. = 1— ot
4.1 Voting without voting

We start by studying the limit situation in which nobody actually O ; Ie)
expresses a preference. Our approach is to compute the expected X X
result of the election if voters were to decide their vote uniformly at o ',O
random, of course subjected to the constraint of voting for someone  Q 'O---fo'

they are explicitly connected to. As we show in this section, this
induces a novel measure of centrality for nodes on a graph.

Figure 3: Two undirected pathsmy L x 72 in the friendship
graph, and with their orientation in S(rq, 7).



where we understand that the right-hand side should evaluate tonodes, and its row-normalized adjacency matrix will be as follows:

almilif |7p) = 0.
As a consequence, we have the following explicit closed formula
for voting centrality:

Theorem 1 The voting centrality of a node x in a graph G is given
by
1—a qlmi— 2|+

R
G br(zi75").

2

m1lG xm2

@)

fa() = 1_ glm—maltimal

4.2 Partial abstention
After studying the limit case of total abstention, we return to the

more realistic case of partial abstention. We deal with this case by
considering a partially directed graph that contains both directed

Ag, 0 0 0
0 A, O 0
Au=| 0 0 Ag, 0
0 0 0 Ag,
where 0 denotes amx n matrix of zeros. The vector

- Pevk)

describes how the surfer chooses the pair graph/node when he de-
cides to reset. So, the surfer’s behavior is described by the transi-
tion matrix:

v = (P1vq, Povp, ..

aAy 4+ 1—a)llv,
whose stationary distribution is given by

1-o)v(l —aAy) L.

and undirected edges. Essentially we reduce to the previous case Now (I — «Py)~2 can be written as
of total abstention, considering the real votes expressed as sort of

constraints. In practice, Equation 1 still holds provided that the
simple path dzR h ting the directi th

ple pathsr; andz,® are chosen respecting the direction on the
directed arcs.

We remark that Equation 1 expresses the voting centrality as a

finite summation (there are only a finite number of paifs L g x

72), and enumerating the pairs diagonally allows one to stop the

evaluation at a desired degree of precision.

4.3 A random surfer interpretation of voting
centrality

Beyond its interpretation as voting score in the case of “total
abstentionism”, voting centrality is a new measure of centrality in
a graph that is worth further analysis.

In the following we provide a random-surfer interpretation of
voting centrality, but we shall state it in a more general way, as an
expected PageRank on a given graph distribution.

Expected PageRank: the general casé.et V be a fixed set of
elements an be the set of all directed graphs with node¢et

Let P(—) be a probability distribution of, and for eacl € ¢
letvg be a distribution on its nodes. Lt be the PageRank vector
for the graphG e ¢ using the preference vectog, that is,

g =1—-a)vg(l —aAg) !

whereAg indicates the row-normalized adjacency matiik G.
We are interested in the expected PageRank vécterE[rg],
that is

f=> P@Gre.
Ge¥

Consider a random surfer acting as follows. At each time, the
surfer is in some node of some graph@f When the surfer is in
the nodex of a graphG, with probability @, he moves to one of
the out-neighbors of at random; with probability + « he resets,
i.e., he chooses a gra(according to the probability distribution
P(—)) and a node i3, according tawg, and moves there.

Equivalently, one can think of the surfer as surfing on a single
large graphH that is the disjoint union of all the graphs# For
the sake of simplicity, le¥ = {1,...,n} and¥ = {G4, ..., Gk},
and let us writej for vg; andP, for P(G;j). ThenH will have nk

SNull rows are patched in the usual way, substituting them by rows
full of 1/n.

| —aAg, 0 0 -1
0 | —aAg, 0
0 0 0
0 0 I —aAg,
(I —aAg)t 0 0
0 (I —ahAg,) ™t 0
= 0 0 0
0 0 (I —aAg) ™

so(1—a)v(l —aAy)~tisequalto

(1—a)(Pog(l —aAg) L Paup(l —aAg,) t

s Pl —aAg) ™)
= (P1rq, ..., Pkry).

Now, given a node € V, the stationary probability that the surfer
is in x is the probability that he is in one of thecopies ofx, that
is, P1(ryx + -+ - + Pc(rx = fx.
Expected PageRank: the case of votindn the case of voting, we
can state the surfing activity on the undirected gr&pés follows.
Whenever the surfer is in some noxte

o with probability«,

— if x was never visited since the last reset, he moves to
one of the out-neighbors afat random, and stores this
information in his own memory;

— if x was already visited, he moves to the same neighbor
where he moved the last time he visited

e with probability 1— « it resets, i.e., moves to a random node
and cleans its memory.
It is easy to see that this is just an equivalent restatement of our
previous general surfer, hence the average time spexrtvah be
precisely the voting centrality of.

5. SELECTING MULTIPLE WINNERS

In the case of an election for electing several representatives,
there is an opportunity of selecting a committee that represents the
diversity of users, by ensuringoportionality. The criterion of pro-
portionality states that each group should have a share of the seats
roughly equal to its share of the votes [12].
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1™'seat| 12 8 1™'seat| 12 13 5.2 Strategic voting due to non-monotonicity

5
2:: seat| 6 8 s 2?3 seat| 12 6.5 Monotonicity is another desirable property of voting syst&ms
3-seat] 6 4 5 3" seat| 6 6.5 It states that if an alternativeloses, and the ballots are changed to
Figure 4: Exa(rﬁ)ple of proportional voting us(ig)g D'Hondt rules disfavorx, thenx_must still_lose. Asin many_other multi_pl_e-winner
and threé seats. Numbers in boldface represent elected candi- voting systems in our voting system theren(smonotonlcn% As
dates ' a count(_erexample, let us consider the top scoring m@dbcompo-_

) nentCs in Fig. 4(a), and let us assume that there are no cycles in the
delegation graph. It would have been better for this node to vote for
the top nodé, of Co, to create a larger communi€Gp UC3 that can
elect two representatives under these rules. In some circumstances
(e.g. if Co were star-shaped, so thatis the only one having in-

In most existing voting systems, the groups used as a base for
measuring the proportionality of a committee are (i) voting dis-
tricts; (ii) political parties or alliances; or (iii) a mixture of both.

The concept ofvoting districtscan be mapped easily into voting degree larger than zero @) thentz would be the 2-nd best node

systems for on-line social networks. For instance, the voting can | h 1o UCAand i ldh b | d h
use explicit non-overlapping groups to which users belong (in the In the componeritzUC3 and itwould have been elected, as shown

case of social networks that support such groups). If these explicit in Fig. 4(b). L o .
groups are not available, then as social networks exhibit commu- The non-monotonicity is not limited to th.e case of npn-delegatlon
nity structure [6], the friendship grapgh can be partitioned using a (or sel_f-delegatlon). A non-el_ected noda_n community G, by
graph clustering method and then members selected proportionallyqefecnng to another_ community, e.g., voting for an elec_ted ry_)de
to the sizes of each cluster. As in real-world voting districts, this in communityC;, mlgl_wt under certam_cwcumstances (ie. given
allocation must be donbeforethe voting takes place, and users a large enough o_lampl_ng faqtor), obtain a score Iar_ger Shtdrus
should be able to vote only for their friends belonging to the same be electgd, possibly displacingfrom the committee if the target
district as themselves. Furthermore, the allocation can be done ac-community does not have enough seats for both.

cording to the structure of the network. A well connected network i 'T gefr];lerfll, Ilr; :26 caze OT s'iLateglfhvtotltr%g, as ihef \t/r?betMnsr it
may need fewer representatives and fewer districts than a more dis- Ively affects all the nodes in the path to the root of the community
connected network. of the user receiving her vote, it is in the best interest td vote

The concept oparties or alliancescan also be mapped easily for someone as close to the root as possible. T_his minimizes _her
into voting systems for on-line social networks. In this case, the qontrlbutlon_to the score of other nodes a_nd thus Increases the like-
allocation of users into parties is doater the voting takes place, ~ Inood of being among the top members in her community.
as it depends on the voting. When no explicit alliances are declared
beforehand, a voting system for social networks may interpret the 6. EXPERIMENTS
connected components of the delegation graph as alliances, as they The effectiveness of a voting system in practice depends on qual-
represent communities of like-minded people who delegate to other itative factors, such as whether the decisions reached by the com-
members of their community but not to external people. munity are in some sense correct and whether the members of the

. . . . community accept such decisions. In this experimental section, we
5.1 Proportionality using the delegation graph  focus instead on measurable aspects of the exponentially damped

Let us examine the case in which each connected component ofvoting system, such as its stability with respect to the choice of a
D(G, v) is considered an alliance, and we want to ensure alliances damping factor, and its correlation with simpler measurements on
are represented proportionally. The number of nodes in each com-social networks.
ponent corresponds to the number of people that voted for the cor-  For these experiments, we picked two different social networks,
responding alliance. Let us assumeliG, v) there arek weakly one of scientists (the DBLP co-authorship network) and one of pho-
connected componen;, Co, ...Cy with sizesmy, my, ...m. tographers (the Flickr social network).

Each alliance is considered apen listof candidates, in the sense .
that their ordering is not fixed in advance, but determined by the 6.1 The DBLP collaboration network

popular vote, e.g. by using the obtained scores. DBLP8is a bibliography service from which a scientific collab-
The method for allocating the number of seats for each alliance oration network can be extracted. In this network each node rep-
can be determined by any system for proportional voting. For con- 'eésents a scientist and we interpret the co-authorship relation as a
creteness, we describe here the use of D'Hondt rules [12], which social tie, indicating that two scientists are connected if they have
are a proportional representation system used for the parliament ofworked together on an article. The strength of the connection is the
several countries, and in the European Parliament elections. Nev-number of articles they have co-authored. We refer to this graph as
ertheless we stress that most of the arguments that follow apply tothe DBLP social networkas of now, it contains 326 186 scientists
other proportional voting systems. and 1615400 co-authorship relations. This particular social net-
Under D’Hondt rules seat allocation is done round-wise. In each Work has been studied in the past e.g. in [4], and it has been shown
round the new seat is assigned to the party with the highest ratio that it shares many properties of a typical social network, including

m/(s + 1), wherem is the number of votes received, asis the ~ the small-world property. _ _ _
number of seats that party has been allocated so far. An example We simulated a voting process in the DBLP social network, in
tally is shown in Figure 4(a). In the examphe; = 12, my = which the community elects a committee of top scientists. This

8,mg = 5 ands = 3, the numbers in the table are the ratios, and iS done by each person delegating his/her vote in one of his/her

the first group gets two seats, the second group gets one seat, ansome political scientists, however, doubt the value of monotonic-
the last group gets zero seats. ity as a property of voting systemgnonotonicity in electoral sys-
tems is a non-issue: depending on the behavioral model governing
individual decision making, either everything is monotonic or noth-
ing is monotonic."[2]
7 Arrow’s impossibility theoregror Arrow’s paradox demonstrates
that no voting system can have all the desirable properties [1].

8http://www.inforrmtik.uni-trier.de/-~| ey/ db/
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Figure 5: DBLP dataset: (a) Kendall's t, and (b) Jaccard coefficient of the top-100 set.

DBLP + noise Flickr + noise
connections (co-authors). We will assume there are two factors that® 00
influence how this delegation is done: productivity (we use numberZ'Zz N 035
of papers written as a proxy for productivity), and strength of the _ 0%
co-authorship relation (i.e., number of papers co-authored). 5 om0 5 osm
More precisely, we ran a number of elections that all use theors ¢ 050
above criteria in different combinations: 070
0.65 0.75
e Election A (productivity qnly. x votes for th_e most prolific  oeo ” = = ” 070l - P = ”
among her co-authors; ties are broken using strength of co- Level of noise p Level of noise p
authorship. DBLP «, Kendall'st Flickr «, Kendall'st
1.00 1.00
e Election B (strength of co-authorship onlyx votes for her ~ os .
main co-author (the one with whick wrote most papers); oo \
ties are broken using productivity. 5 oss b /
S 095 S 094
e Election C (adjusted co-authorshjp x considers her co- = °§‘3‘ " 2 e
authors in decreasing order of strength of co-authorship, anchs. o0l
votes for the first one that has been more productive than  *% [~ m/
(i.e., that has written more papers thm)] if no such co- "0 01 02 OIBD:;:pi:ésfaC(;i 07 08 09 1 "0 01 02 u.aDz:pi:g.sfa;i 07 08 09 1
author existsx votes for herself DBLP o, Jaccard @ 100 Flicke, Jaccard @ 100
e Election D (mixture. In this case, we use a probabilistic **® L00
procedure; a parametere [0, 1] is fixed, and for every au-  *® s X
thorx we establish a distribution among the co-authorg,of § g om0
that is the convex combination of normalized co- authorshg) 060 o £ oe
strength (with weight/) and normalized productivity (with § s ol : o -
weight 1—y). Then,x votes for one of her co-authors chosen oo 7o -
according to the distribution. 030 020~
0.20 0.10
We performed six elections (D was run three times, with= O et S et
0.25, 0.5, 0.75, respectively), and obtained six score vectors that
we shall denote with A, r B, rC, D.0.25 ¢ D.,0.50 [ D.0.75 Here, Figure 6: Stability of the voting results in DBLP (left) and
and in the following, unless otherwise specified we used the stan- Flickr (right). Stability is studied with respect to: noisy prefer-
dard damping factax = 0.85. ences, changes iw reflected by Kendall's t, and changes inx

Comparison with link-based metrics. Our first set of experiments measured by Jaccard at 100.

aims at determining how much the result of the election depends on
the voters’ choice, and whether and how it can be determined by
the underlying social network instead. For this purpose, we com-
puted four morestaticscorings based on the DBLP social network:
the degree BG (where the score is the number of co-authors), the
PageRank PR, the productivityrBD (where the score is the num-
ber of papers written), and the voting centralitg\Cintroduced in
Sec. 4. We compared the ten scoring vectors using Kenaadired
the Jaccard coefficient of the top 10, 100 and 1 000 authors: sinceStability with respect to preferences. There is a second, some-
these measures substantially agree, we report only the top 100 casehat dual question about the stability of the proposed voting system
in Fig. 5. with respect to small changes in the preferences of the community.
Although all scores are positively correlated, they markedly dif- How does a small change in the voters’ choice affect the outcome
fer. The static measures are more highly correlated among themof the election? To answer this question, we randomized the vote
(in particular, as expected, degree and PageRank), but they are noaccording to a noise parameter. With probabifitya voter simply
well correlated with the results of voting, except very mildly for votes for one of her connections at random, and with probability
PageRank. On the other hand, the results of the six elections arel — p she makes her choice as established. We then compare the
different, and their Kendall's never exceeds.84, and it is often resulting score vectors with the one obtained without noise.

around 050; as for the Jaccard coefficient, it is at mos7Q and
often under QL.

We can conclude that the outcome of the voting system strongly
depends on the voters’ choices and not only (or too strongly) on the
graph structure or on the position of the node in the graph, both be-
ing desirable properties in a democratic voting system for an online
social-network.



FAvEs CEN 1 users’ favorites BVES. The latter contains, for every user, the

056 1066 -0.04 number of times one of her pictures was selected as a “favorite”
DEG* 0.50 - -0.06 by anyone in the network (not necessarily by one of her contacts).
PR 0.54 0.02 The correlation between such measures are shown in Fig. 7, and

Faves | 0.56 0.50 0.54 0.50 0.08 once more we observe that the results of the voting are not deter-
CEN ~ 0.64 [0:83 0.50 [gmoeEy 0.07 mined by any of the static metrics. Also the measures of stability
-0.04 -006 0.02 0.08 0.07 S0l shown in Fig. 6 (right) exhibit the same behavior as in the DBLP
() dataset.
Finally, we can look at a more fine-grained measure on the top
+
DEc PR__FAVES CEN T 100 users: the numbeRr¥FEs of their photos selected as “favorites”

DEG

gEng L ggg 832 838 882 b_y other users, Weigh_ted by the scores assigned by them by the

PR - 0'17 0'60 0.08 different ranking functlor_ls. We normalized the scores so that they

FAVES 017 - 0'13 0.16 add up to 1 when considering the top 100 users. The results, in
: : : order of similarity to RVES, arer = 27K, PR= 22K, DEG= 21K,

CEN 0607 0.13 OO 0.06 CeN= 18K, and DEc* = 8K. The results of the voting outperform

(8508 016 0.06 NN the other metrics when compared withVEs.
Figure 7: Flickr dataset: (a) Kendall's 7, and (b) Jaccard coef- 7. RELATED WORK

ficient of the top-100 set. Before the conclusions section, we summarize here the previous

In Fig. 6 (top left), we present the results for the election C Work in link-based methods for aggregating the preferences of in-
above. As the graph shows, even altering 10% of the votes leavesdividuals.
the scores substantially unalteredig above 090). Beyond that, Ranking by some kind of eigenvalue-related technique had its
the decay is very smooth, apparently linear, and there is a good pos-0rigin with the work of Seeley [16]. In modern language, given a
itive correlation even at high noise levels, proving that the system square matriM expressing preferences between individuals, See-
is stable and reasonably robust against noise. ley proposes to compute the dominant eigenvectdvl aifter row

normalization (in other words, PageRank with= 1). Indepen-
d dently, a few years later Katz [11] considered for the same purpose
the power sunilM Y «"M" (in other words, PageRank without
row normalization—see [3]) for suitable valuesaf Many vari-
ants of these two basic ideas have appeared in the following litera-
ture, and by novepectral rankings a standard tool in many fields.
It should be noted, however, that the same technique is used to es-
gmate different concepts such asthority, power, influenceand
centrality.

A spectral-ranking technique for delegated voting was proposed
by Yamakawaet al. [19]. Assuming not all voters might want
to choose an option out of a given set, they propose computing

ingly enough, this happens on all the examples we considered, anof_"’lgeR?n.k _(thebreiﬂ ca{led tlﬁi!()jnamgh mcﬁ})mn a Tttoc??;_tlc m?r'] d
more generally on all tree-shaped directed graphs. Our conjecture rix.containing both voters and motion. The results of this metho

is that this phase transition is related to the undelegable mandatesf‘hre |nco:?parablehtohours: i moltl?nls g_rfef JUStta tcop}[/ of the V(t)tlers,t
described on Sec. 3.1, the phenomenon still requires further analy- € resuiting graph has a completely different structure, as at leas
sis. half of the nodes will be without successors. In case nobody votes,

they propose to use the scores obtained (which are now identical to
6.2 The Flickr social network our ranks) to select powerful voters and force them to express their
opinion: however, at each selection the matrix is altered by delet-

Stability with respect to the damping factor. Finally, we con-
sider how the score depends on the damping factor. For a fixe
election, we computed the voting scores for different values of
and compared them with the voting score obtained with 0.85.
The comparison was performed using Kendatl'and looking at
the Jaccard coefficient at 10, 100 and 1 000. In Figure 6 (middle
and bottom) we show Kendallisand Jaccard at 100 for election C
above. As expected there is a dependency, and the results chang
smoothly asx moves away from its starting value of8%. In par-
ticular, Kendall’st is always above .95 for all values ofx larger
than 065 (Jaccard is over 75% in the same region). It is curious
to observe that has an abrupt change aroumd= 0.5; interest-

Flickr® is an online community were users can share photographs ; . .
and videos. The interaction mechanism in Flickr is rich. For in- N9 all delegations of the selected voter, so their order in choos-

stance, users can comment on each other photos and maintain 49 representatives does not coincide with ours. Finally, they do
collection of theirfavorite photos. In Flickr the notion of acquain- Ot consider the interplay between an underlying social network of

tance is modeled througtontacts Differently from other social ~ acduaintance and the votes, which for example would make it im-
networks, in Flickr contacts requests do not need to be confirmed possible to account for missing votes (in their terminology, missing
and are thus directed, but we used them disregarding their directiond€!€gation). _ , _
for the purpose of building the friendship graph. We sampled 25 Reference [18] deals with a decentralized voting system for ob-
million users from Flickr and restricted our attention to the largest ject_reputatlon, butthere is no collective decision, thatis, every peer
connected component of contacts (526 606 users). decides how much to trust on the votes of others. , .
We simulated a voting process on this friendship network as fol- Our work is also relate_d to the general issue of developing decision-
lows: every usex votes for his contacy that has the most pho- support systems for SO‘?""“ netvvprks [_15]' to the study of trust [9, 7]
tographs selected byas “favorites” (with ties broken arbitrarily). ~ and influence propagation [13] in social networks.
This voting process produces a voting score vector
As for the DBLP graph, for comparison we considered other 8. CONCLUSIONS

metrics: the number of incoming or outgoing contactsd)the In this paper we wore hat and glasses: we wore the political
number of incoming contactsE® T, the PageRank PR (computed  scientist's hat by concretely proposing a practical voting system
on the contact graph), the voting centraliteiCand the overall for a social network, whose properties we studied through the lens

http:// f1ickr. cont of the computer scientist’s glasses.



The main problems of voting in social networks are the exis- [4] E. EImacioglu and D. Lee. On six degrees of separation in
tence of many weak links, the fact that even the most well-known dblp-db and moreSIGMOD Reg.34(2):33-40, 2005.
users are not known by many, and the low voter turnout in general. [5] B. Ford. Delegative democracy.

We are convinced that taansitive proxy votings the best choice ht t p: / / ww. bf ord. i nf o/ del eg/ del eg. pdf,

in such a setting. The design of a transitive proxy voting system May 2002.

for social networks includes many steps, including the choice of a [6] M. Girvan and M. E. Newman. Community structure in
ballot and a ballot interpretation (e.g.: one vote or many votes, cu- social and biological network&roc Natl Acad Sci U S A

mulative or approval voting, etc.), and the choice of an appropriate 99(12):7821-7826, June 2002.

system for counting the votes. The latter includes issues such as [7] J. Golbeck Computing with Social TrusBpringer, 2009.
delegable vs. undelegable mandates, and the choice of the scoring [8] J. Green-Armytage. An introduction to proxy-based
method.

We propose a system dfansitive proxy voting with exponen-
tial damping that allows us to frame these questions properly by
means of a single parameter. We expect a voting system to be ro-
bust to small differences in the choice of the damping factor, or
small variations in the users’ preferences. We also expect the sys-
tem to produce an output that depends on the users’ choices and no
only (or too strongly) on the graph itself. Our experimental results
are positive in these aspects.
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