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Abstract

Weak sense of direction is a property of the labelling of (possibly anonymous) networks that
allows one to assign coherently local identifiers to other processors on the basis of the route fol-
lowed by incoming messages. Though there exists a linear algorithm that allows one to assign a
weak sense of direction to any given network, the number of colours used in such construction
may be as large as the number of processors. It is an open, difficult, yet intriguing problem that of
establishing an optimal weak sense of direction for a given graph, that is, a weak sense of direction
using as few colours as possible. To attack this problem, we have developed an implicit enumera-
tion algorithm that searches for optimal weak sense of direction; the algorithm is implemented in a
publicly available tool, opt wsod. Although opt wsod can only deal with graphs that are reason-
ably small, we think that the results obtained (some examples are presented at the end of the paper)
are sometimes surprising and may be used as an inspiration to determine optimal weak sense of
direction for classes of graphs. This paper reports some details of the design and implementation
of opt wsod, and some experimental data about its behaviour.

1 Introduction and motivations

The topological structure of distributed systems can be described by graphs, with nodes representing
agents and arcs representing links. Each node has a local (partial) view of the system, and it associates
a different label (colour) to each of its incident links. The solution to many problems in a distributed
system can be greatly simplified by using colourings with special properties. In particular, in this pa-
per we study weak sense of direction (WSOD for short), a property of global consistency [FMS98]. In
a previous paper [BV00], the authors characterized weak sense of direction in a combinatorial man-
ner, and showed that it can be decided efficiently in parallel; as a consequence, there is a sequential
polynomial-time algorithm for deciding weak sense of direction.

A challenging problem is that of finding a colouring which gives WSOD to a given graph using
as few colours as possible: such a colouring is called optimal WSOD?, and the number of colours
used will be called WSOD-chromatic number of the graph. Very little is known about finding optimal
WSODs, and no attempt was ever made to estimate the WSOD-chromatic number of a given graph,
not even for very small graphs.
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1The term “optimal” used here is not in line with the common usage in the literature about combinatorial optimization,
where it would be replaced with “minimum”; unfortunately, the latter might be easily confused with minimal WSOD. We
should perhaps find a better term than “minimal”, and then use “minimum” instead of “optimal”.



A closely related problem is that of finding a minimal WSOD, that is, a WSOD using as many
colours as the maximum outdegree of the graph; since every WSOD must be a deterministic colour-
ing, it is impossible to find a WSOD with fewer colours, thus minimal WSODs are also optimal.
In [BV97] the authors proved that an outregular graph admits a minimal WSOD if and only if it is a
Cayley graph? (and a minimal WSOD can be obtained by using the natural Cayley colouring of the
graph); thus, the optimal WSOD (and a fortiori the minimal WSOD) problem is at least as hard as
Cayley graph recognition.

The search for the holy grail of optimal sense of direction is a relatively recent story, but—Ilike
almost all problems of graph colouring—it immediately appears as a surprisingly difficult and frus-
trating task. With respect to typical colouring problems, the peculiarity one has to face is the difficulty
of determining at first glance (even for very small graphs) whether a given colouring is a WSOD or
not. Extremely difficult problems (like MINIMUM GRAPH COLOURING or MAXIMUM CLIQUE) have
solutions that are very easy to check, even manually. This easiness provides fundamental intuitions
guiding the design of algorithms that are efficient (at least, in practice), and the construction of in-
approximability proofs. On the contrary, it is almost impossible to check manually whether a graph
with, say, more than four nodes has WSOD, unless the colouring is constructed ad hoc so to enjoy
particular properties (e.g., the Cayley colouring of a Cayley graph). The algorithm of [BV00] is in
this case of no help, since even for a graph with three nodes (see Figure 1 and 2) one has to close
transitively 9 x 9 matrices®.

These are the reasons that finally convinced us of the necessity to develop a program that searches
an optimal WSOD for a given graph: the aim of this program is to suggest and inspire techniques
for proving optimality results about weak sense of direction. Although the naive approach to the
algorithm is fatally superexponential in nature, there are many issues that can be carefully taken into
account, giving rise to a program that works within reasonable time on sufficiently small graphs. For
instance, the complete analysis of the search tree for the Petersen graph (see Section 8) required about
28s on an SGI workstation (2471 nodes out of a tree with 846749014511809332450147 leaves were
explored), while the optimal colouring of the 4-inputs butterfly (Figure 5) required 183s (7524 nodes
out of a tree with 128064670049908713818925644 leaves were explored).

2 Definitions

A (directed) graph G is given by a set N of n nodes and a set A € N x N of arcs. We write
P[x, y] € A* for the set of paths from the node x to the node y.

An (arc) colouring of a graph G is a function 1 : A — £, where .Z is a finite set of colours. We
say that A is deterministic iff

A, y) =r((X,2)) = y=1,

that is, if the automaton described by the transition graph G with colouring A is deterministic. We
say that A is codeterministic iff

AUy, X)) =Ar((z,x)) = y=1
2 special case of this result, for symmetric connected graphs with a symmetric colouring, has been obtained independently
in [FRS96].
31t should be noted that the situation is even worse for sense of direction, a stronger consistency property: in this case, the
only known algoritm [BV0O] works in o(n!8), and it is utterly unfeasible even for verifying mechanically small graphs.




Our (coloured) graphs will be always represented by (coloured) adjacency matrices, that is, by n x n

matrices such that the entry indexed by x, y € V contains 0 if no arc connects x to y; otherwise, it

contains a positive integer representing the colour of the arc (or 1, if the graph has no colouring).
Given a graph G deterministically coloured by A, let

L(x,y) ={1*(7) | = € P[x, yl},
where A* : A* — Z* is defined by

AF((X1, X2) (X2, X3) -+ (Xk—1, X)) = A({X1, X2)A({X2, X3)) - - - A((Xk—1, X))

In other words, L (x, y) is the language recognized by G when x is the initial state and y is the final
state. Forall I € V2 let

Li= J Loy
(

X,y)el

(of course, L(X,y) = Lx,y)})- Notice that s € L(x, X) # @.

A local naming for G is a family of injective functions 8 = {8x : V — ¥ }xev, With . a finite
set, called the name space. Intuitively, each node x of G gives to each other node y a name Bx(Yy)
taken from the name space. Since we require injectivity, we have that necessarily |.#| > n. We shall
alsowrite 8 : V x V — .¢ for the “unindexed” local naming, that is, 8(X, y) = Bx(Y).

Given a coloured graph endowed with a local naming, a function f : L2 — .7 is a (consistent)
coding function iff

vx,y eV Ve P[x,y] f (A" (7)) = Bx(Y).

A coding function translates the colouring of the path along which two nodes x, y are connected into
the name that x gives to y. Note that although the resulting name is local (i.e., X and z might choose
different elements of the name space for the same node y), the coding function is global.

A colouring A is a weak sense of direction (WSOD) for a graph G iff for some local naming there
is a coding function®. We shall also say that a coloured graph has weak sense of direction, or that A
gives weak sense of direction to G.

A colouring A is an optimal WSOD for a graph G if it uses as few colours as possible; in this
case, the number of colours used is called the WSOD-chromatic number of G, and it is denoted by
¢ (G). A graph G admits a minimal WSOD iff ¢ (G) is equal to the outdegree of G.

We shall use the notions of equivalence relation and partition interchangeably, and equivalence
relations will be represented using boolean matrices. Thus, if R is an equivalence relation, we shall
indifferently write x Ry, R(x,y) =1orx,y € | € R (i.e.,, x and y belong to the same class | of
the partition induced by R). If R and S are equivalence relations, we shall write R < S whenever R
is finer than S as an equivalence relation, that is, if R € S (we shall also say that S is coarser than
R). We shall use the same notation, with the same meaning, for the associated partitions and boolean
matrices.

4Elsewhere weak sense of direction has been defined in a slightly different way, by considering only nonempty paths (the
so-called nonhomonymous WSOD). It is easy to check that the algorithms described here can be immediately adapted to that
definition, just by assuming e ¢ L (X, x) and, consequently, performing a transitive (nonreflexive) closure of the matrix M;_ in
Section 3.



3 Verifying WSOD

We recall briefly the results of [BV00]. Given a coloured graph, we firstly define a n? x n? matrix
M. (whose rows and columns are indexed by pairs of nodes) so that

M, (X)), (Y, YY) =1 <= (X, y), (X', y) € AAAUX, y) = A(x, y).

Then we set the matrix Q, as follows:

QK((Xv Y>7 (X/7 y/)) = M)T(<X7 X/)’ <y’ y/>)7

where the star denotes reflexive-transitive closure. Finally, we set
T, = Qj.
Theorem 1 ([BV0OQ]) Let G be a graph with colouring A. Then,

L Qu((x,y), X,y =1iff L(x,y) N L(X,Y) # ;

2. A isa WSOD iff for all nodes x, y, z such that y = z we have T, ({X, y), (X, z)) = 0, that is, if
the n matrices n x n along the diagonal of T, are identities (this condition is called monodromy
of the matrix T,).

The previous theorem gives a polynomial-time algorithm for testing whether a given colouring is
a WSOD or not°. In Figure 1 we show a graph with a colouring that is not a WSOD®, and the
associated matrices. The same graph, with a slight change in the colouring, is shown in Figure 2,
and the new colouring is a WSOD (and it is minimal). Note that even for such small graphs, the
quartic increase in the number of matrix entries defies any manual computation. Indeed, all claims
of WSOD for graphs in this paper have been verified mechanically. Weak sense of direction can be
elusive, and it is easy to get confused by a colouring that is apparently regular enough, but that is not
really so. On the other hand, the sequential algorithm for verifying WSOD is very slow. The two
crucial time-consuming steps are the reflexive-transitive closures of M; and Q;. The speed of these
steps depends essentially on the fastest boolean matrix multiplication algorithm, which is currently
0 (m?2376) [CW90] for matrices of size m x m. Since our matrices have size n2 x n2, where n is the
number of nodes in the graph, we obtain that O (n*752log n) steps are sufficient (reflexive-transitive
closure can be computed using the well-known identity A* = (I + A)" = (I + A)Zﬂogm, and the
latter requires [log n7 squarings; transitive closure can be computed as AA*).

There is however an important caveat: both M, and Q, have special properties that can be used
to make the computation of their transitive closure much faster. First of all, M, is very sparse:
since the number of ones in the row (x, y) cannot exceed the minimum of the degrees of x and y
(1 is deterministic), the number of ones in M;, cannot be more than n2d, where d is the maximum
outdegree of the graph; thus, the density of M, is bounded by d/n? < 1/n — 1/n2 (the latter bound
is very rough indeed, and it is reached only on complete graphs with a minimal colouring). Thus, we
can exploit O’Neil and O’Neil’s sparse boolean multiplication algorithm [OO73], which performs as
O(m?) on the average on m x m matrices. The very simple idea behind the algorithm is that one

5In fact, it can be implemented as an AC? algorithm that verifies in logarithmic time WSOD, using n® processors.
SHowever, maybe surprisingly, it is a nonhomonymous WSOD.



000010000 100010011 100011011

000100000 010100100 010100100

000100000 001000000 001000000

010000000 010100100 010 100

My =] 100000001 Q)\: 100010011 T, = 1000112011

100000000 000001001 1000113011

010000000 010100100 010100[I00

100000000 100010010 100011011

100000000 100011001 100011

Figure 1: A colouring that is not a WSOD.

000010000 100010001 010001

000100000 010100000 010100000

0000000O0O 001000000 001000000

010000000 010100000 010 00000

My =] 100000001 ka 100010001 T, = 100001

000000100 000001100 000001100

0000000O0O0 000001100 000001 00

001000000 000000010 000000010

100000000 100010001 100010

Figure 2: A colouring that is a WSOD.

builds for each row of the first matrix a list of the indices kq, ..., k of the columns that contain a
one on that row. Then multiplication by a column can be performed just checking the entries of row

indices k1, ..., k| in the column (of course, the search stops as soon as a one is found).

The second important observation is that Q, is symmetric, and in this case there is a very nice
(although definitely opaque) folklore algorithm that is very fast in practice”:

fori =1tomdo
begin
j < min{s > i | B[i,s]=1};
if j # oo then B[j] < B[]V BIiJ;
else
begin
Bli,i] < 1;
"The first appearance of this algorithm in the literature is due to Fischer and Paterson [FP80]; there, the authors claim to
have been unable to trace a published source for the algorithm, although it was part of the folklore at least since 1973.




fork =1toi —1do
if B[i, k] = 1then B[k] < BJi]
end
end

Here m is the size of the matrix, and j is co exactly when the part of the ith row after the diagonal
is entirely zero; A[i] is the ith row of A. The inner loop on k is executed rarely if the matrix is
sufficiently dense, so the algorithm runs as O (m?2) on the average.

Using the knowledge above it is easy to write down a verifier that can easily handle graphs with
up to few hundreds of nodes. The high-polynomial nature of the algorithm then becomes a barrier.
Indeed, polynomiality is usually associated with a low degree, but at present time there are no known
verifications algorithms for sense of direction that are better than O (n*), even on the average.

4 Searching for optimality

Clearly, the property of being a WSOD only depends on the fibres of the colouring function (i.e., on
the equivalence relation on A defined by letting two arcs be equivalent iff they have the same colour).
Hence, a naive attempt to search for an optimal WSOD consists in enumerating all partitions of the
set A of arcs; letting |A| = a = O(n?), the number of configurations to be explored would be equal
to the a-th Bell number [GKP94], that is,

1 Ka ef(a)—a—%
D g @t ———
€ k>0 Vina

where f(x)In f(x) = x — 1/2 (the sum is superexponential). The last simple consideration explains
why the brute-force solution of enumerating exhaustively all partitions and testing for WSOD is
unrealistic (with 20 arcs, we should explore 51724158235372 configurations).

From a more general point of view, the problem of determining an optimal WSOD for a graph is
a special instance of the following problem:

MINIMUM SET PARTITION

Instance: A set A, together with a predicate &2 C Part(A) (where Part(A) denotes the set of parti-
tions of A).

Output: A partition P € &2 such that |P| is minimum among the partitions in 2.

In general, this problem is NP-hard, since, for instance, PARTITION INTO CLIQUES [GJ79] may
be seen as a special case of MINIMUM SET PARTITION (just let A be the set of edges of the graph,
and &2 be the set of partitions into cliques). Nevertheless, we shall introduce some heuristics that
will reduce the burden of enumeration by exploiting implicit enumeration techniques, so that optimal
WSODs may be found within reasonable time at least for small graphs.

5 An enumeration scheme for partition problems

When trying to consider MINIMUM SET PARTITION in its full generality, one has to deal with “par-
tially specified” equivalence relations. Indeed, one can try to build finer and finer partial specifications



of the partition, ruling out the ones that are nonpromising or nonconsistent. For this reason, we in-
troduce the following notion: an equivalence-inequivalence constraint on a set A is a pair (E, I) of
relations on A such that E is an equivalence relation, | is a symmetric relation, and E N | = &.
Intuitively, E specifies which elements must be equal, whereas | determines which elements must
be inequivalent (clearly, the two requirements are mutually orthogonal). Note that there are usually
pairs of elements whose (in)equivalence status is left unspecified.

If W is an equivalence relation satisfying E < W and | N W = &, we say that W a witness of
(E, I). Witnesses are simply the equivalence relations that are coarser than E, but do not violate the
inequality constraints of I. We define

(E, 1) = AZ\(EUﬂWC),
W

where W ranges over the witnesses of (E, I). This set contains all pairs that are left free by the con-
straint. Clearly, witnesses are “sandiwched” between E and E U (E, 1)?, so the following proposition
holds:

Proposition 1 An equivalence-inequivalence constraint (E, 1) on A has exactly one witness (namely,
E) iff (E, )7 is empty.

A constraint (E, I) satisfying any of the two equivalent conditions above is called complete. For
incomplete contraints we have the following:

Proposition 2 Let (E, 1) be an equivalence-inequivalence constraint on A, and (a,b) € (E, 1)?
Then, the following pairs

(E.)+{a.b) = ((EU{(@hb), (b,a)p* 1)
(E.1)—(a,b) = (E.1U{(a h), (b,a)})

are equivalence-inequivalence constraints; in particular, the set of witnesses of (E, I) + (a, b) and
the one of (E, 1) — (a, b) are distinct proper subsets of the witnesses of (E, I).

Proof. There must exist witnesses W and W' of (E, 1) such thata W b and nota W’ b. Hence W is
also a witness of (E, 1) + (a, b) (but not of (E, I) — {(a, b)) and W' is a witness of (E, I} — (a, b)
(but not of (E, 1) + (a, b)). I

Intuitively, the proposition above says that we can enrich an incomplete equivalence-inequivalence
constraint by adding a free pair (i.e., a pair belonging to (E, 1)?) either to the positive part or to the
negative part of the constraint. (It is immediate to check that adding pairs not belonging to (E, 1)?
either is of no use, or violates the definition of constraint.)

Finally, a heuristic for a set A is a function that, given an incomplete equivalence-inequivalence
constraint (E, 1), returns an element of (E, 1)?. Given a set A and a heuristic h for A, we define a
binary tree T (A, h) (whose nodes are equivalence-inequivalence constraints on A) as follows:

e the root of T is the pair (identity, @);
e anode (E, I) is a leaf iff it is complete;

e if (E, I) is not a leaf, the children of (E, I)are (E, I) + h(E, I)and (E, I) — h(E, I).



This definition is correct by virtue of Proposition 2. Since our interest is the enumeration of all
partitions of A, we must show that the tree T (A, h) suits our needs:

Theorem 2 Every equivalence relation on A appears exactly once as the first member of a leaf of
T(A, h).

Proof. Let E be an equivalence relation on A, and consider the maximal branch (Eg, lg), (E1, 11), ...,
(Ek, lx) of T(A,h) defined as follows: (Eo, lo) = (identity, @) and (Eji1, li+1) is (Ei, li) +
h(Ej, Ij) or (Ej, I;) —h(E;j, Ij) according to whether h(E;, I;) € E or not. Clearly E is the (unique)
witness of (Ek, Ik) Conversely, let (Eg, 1), (EZ, 17), ..., (E[, I]') be another maximal branch of the
tree, and let (E/ iv1e iy l) be the first difference with respect to the former branch; assume, without
loss of generality, that (Ej 1, li+1) = (E;i, I|) + h(E., li) and (E |+1, IJrl) (Ei, l;) — h(E;j, I})
(where h(E;j, l;) € E). Every witness of (E/ 1 |+1 ) (hence of (E{, 1)) does not contain h(E;, I;),
so E cannot be the partition induced by (E/, I/). I

6 Implicit enumeration techniques for partition problems

Of course, the tree T (A, h) of the previous section is preposterously huge, even for a very small set A
(the leaves are as many as the partitions of A). However, we can exploit implicit enumeration [Geo67]
to fathom parts of the tree, and give them for granted even if they have not been explicitly enumerated.
In particular, in this section we study fathoming due to the detection of unpromising solutions, and to
the detection of unfeasible solutions when the predicate %7 is downward closed (with respect to the
“finer than” relation on partitions).

6.1 Fathoming based on chromatic numbers

A subtree of T (A, h) can be fathomed when we can somehow detect that we can skip safely all
partitions in the subtree (i.e., the partitions are enumerated implicitly, but not actually). A possible
fathoming strategy is based on optimality: suppose that, during our visit of the search tree we have
already found a solution (partition) with c classes. If we can guarantee that all the solutions on a
certain subtree contain ¢ classes at least, we can safely prune the whole subtree and backtrack. Thus,
we need an answer to the following question: how can we lower bound the number of classes of the
equivalence relations on the leaves of a given subtree?

Consider an equivalence-inequivalence constraint (E, 1) on A, and let H(E, 1) be the undirected
graph having as vertices the equivalence classes of E, with C adjacent to C’ iff there are elements
aeC,a’ eC’suchthatal a’.

Theorem 3 Let (E, I) be a node of the tree T (A, h). Then, the witnesses of the nodes of the subtree
rooted at (E, I) all contain at least x (H(E, 1)) classes (where x gives the chromatic number of an
undirected graph).

Proof. Let W be a witness of some node in the subtree; W is a fortiori a witness of (E, I) as well.
Suppose, by contradiction, that W has k < x(H(E, I)) classes C1,Co, ..., Ck. Since E is the
minimum witness of (E, 1), W is certainly coarser than E; hence, each equivalence class C of E is
included in a (unique) class C; of W. Now, colour the vertices of H(E, 1) ontheset {1, 2,...,k} by



using for the vertex (equivalence class) C the colour i iff C C C;. By hypothesis, there must be two
classes C’, C” that are adjacent (i.e., @’ | a” for somea’ € C’and a” € C”) such that C’,C” C C;.
But then @’ W a” and thus W is not a witness of (E, I) (for a’ | a” means that no witness of (E, I)
relates a’ and a”), a contradiction. 1

As a consequence, if the current optimal solution has ¢ classes and the chromatic number of the graph
associated with a node is at least c, the whole subtree rooted at that node can be fathomed, because
no solution in the subtree can be better than the current optimum.

6.2 Lower boundsfor x

The previous section introduced a way of fathoming subtrees by computing the chromatic num-
ber of the reduced graph of the current node. Although this problem is NP-hard (even inapprox-
imable [FK98, BGS98]), we can try to exploit some techniques to compute lower bounds (clearly,
this is sufficient for our purposes). Of course, there is a trade-off between the accuracy (i.e., strict-
ness) of the lower bound and the time needed to compute it; it is thus crucial to choose lower bounds
that can be computed quickly enough (because the computation of such lower bounds has to be car-
ried out at all nodes of the search tree) but that are still good enough (because stricter lower bounds
can successfully fathom more subtrees, thus reducing the explicit search space).

Spectral lower bounds. There are some well-known techniques for computing lower bounds for
x (H) based on the spectrum of the graph H (i.e., the spectrum of the adjacency matrix of H; a good
survey of these results is contained in [CDS78]). Some of these bounds require the computation
of the whole spectrum, whereas others just need the knowledge of some eigenvalues. For example,
Hoffman [Hof70] proves that

(Hyz1- 2

X = o’

where A1 > A2 > -+ > A, are the eigenvalues of the graph H (with n nodes). The bound above can
be easily refined (essentially with the same proof [CDS78]) to the one we use:

K

x(H) > 1+min{K ‘A1+an_i+1§0}.
i=1

Greedy lower bounds. Edwards and Elphick [EE83] give a lower bound for the cliqgue number
(hence, also for the chromatic number) of a graph, using a greedy technique. More precisely, they
build a maximal clique in the following manner: they first choose one of the vertices having maximum
degree; then, if the clique is nonmaximal, they extend the clique by adding a vertex of degree as large
as possible. The size of the resulting clique can of course be used as a lower bound for the chromatic
number of the graph.

Lovasz’s ¢ function. A very sophisticated technique for computing a lower bound for x (H) is
based on Lovasz’s ¢ function [GLS88]. The # function satisfies the so-called Sandwitch Theorem,
that is,

w(H) < 9(H) < x(H),



where w(H) denotes the clique number of H, and H is the complement of H. Knuth [Knu94]
contains a very deep account about the possible ways to define and compute® #, and about the various
properties of the function. Of course, (H) gives always a better lower bound than Edwards and
Elphick’s one.

A comparison. From a computational point of view, the greedy lower bound presented above is
the easiest to compute, whereas the spectral bounds require a number of operations that use double-
precision arithmetic; an even larger overhead is required for the computation of the Lovasz’s © func-
tion. In the latter two cases, moreover, attention should be paid to avoid numeric instability (although
the computation of the eigenvalues of a graph is an easy matter, since the adjacency matrix is real
symmetric). Surprisingly enough, during tests on thousands on graphs actually produced by the algo-
rithm the greedy lower bound was very good, and its difference with ¢ was never more than 2 (and,
usually, no more than 1). Nonetheless, © was sometimes able to cut a major part of the search tree,
and this fact convinced us to make opt wsod consider the lower bound of ¢ only on demand, as an
option passed to the program.

Upper bounds vs. lower bounds. Since the computation of lower bounds (in particular of 9) is
usually time-consuming, it would be wise to compute firstly some very simple upper bounds for the
chromatic number, so to avoid the lower bound computation at least for those graphs with an upper
bound that is smaller than the current optimum.

A trivial upper bound for the chromatic number of a graph is obtained by the maximum degree
plus one®. Another upper bound, which is usually better than the previous one (although not as simple
to obtain) is given by Liu [Liu89], who proves that

m2
n 12
2= df—m

where d; is the degree of vertex i (in fact, the bound can be made stronger if the independence number
of G is known, but this is of course not practical in our case).

As in the lower bound case, however, the best upper bound can often be obtained by using a greedy
algorithm, Brélaz’s DSATUR [Bré79], which, starting from a vertex of maximum degree, colours the
vertex adjacent to the largest number of vertices with different colours, using the minimum colour
available. DSATUR is very fast, but gives a much better upper bound than the previous ones. This is
particularly useful if the computation of Lovasz’s ¢ function is enabled, as a large number of slow
floating-point computations can be skipped.

x(G)<n-—

’

6.3 Fathoming based on feasibility

When the predicate & is downward closed (i.e., when P € & implies Q € & forall Q < P) we
can further exploit the structure of T (A, h): indeed, all witnesses W of the descendants of a node
(E, I satisfy necessarily W > E. Thus, if E is not feasible (i.e., E ¢ £2) the whole subtree under
(E, Iy can be fathomed, because it contains no feasible solutions. Fortunately, this is our case, as
shown by the following

8The most efficient way to compute @ is by means of semidefinite programming—see again [Knu94].
9More precisely, by Brooks’ Theorem, if d is the maximum degree of a connected graph H, thend < x(H), unless H isa
complete graph or an odd cycle.
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Proposition 3 Let G be a graph, and P, Q be partitions of the arcs of G. If P < Q and P does not
give weak sense of direction, then the same is true of Q.

Proof. Simply note that all the matrix operations used in Theorem 1 are monotonic with respect to
pointwise ordering (i.e., B < C iff B(i, j) < C(i, j) forall i and j), which specializes, in the case
of matrices representing equivalence relations, to the “finer than” ordering. I

7 An implementation

In this section we briefly discuss the algorithmic core of the WSOD verification/search tool opt wsod.
A number of subtleties are involved in the algorithm, and some tricks (beside a careful exploitation
of the properties described in the previous sections) can be used to reduce (sometimes in a dramatic
way) the overall time needed for the search; they are described in the source code. Here we give in-
stead a very high-level (but actually very faithful'®) description of our implementation, and a number
of sparse remarks:

const n:N; /*Number of nodes */
m : N; /* Number of arcs */
d : N; /*Maximum outdegree */
s,t:arrayl...mofl...n; /* Source/target of each arc */

procedure WSOD(E, | : relation of 1...m, o : N) /* o is the current optimum solution */
var F,J :relationofl...m;
begin

if (E, I) is complete then return;

if Edwards and Elphick’s lower bound for x (H(E, 1)) > o return;

if Hoffman’s lower bound for x (H(E, I)) > o return;

if Lovasz’s lower bound for x (H(E, 1)) > o return;

(F,J) < (E, I)+h(E, I);

if F gives WSOD then

begin
if number of classes of F < o then
begin
output(F);
0 < number of classes of F ;
if o = d then stop
end
WSOD(F, J, 0);
end
(F,J) < (E, ) = h(E, I);
WSOD(F, J, 0)
end

10Essentially, the only part of the algorithm not represented here is the computation of the upper bounds on x (H (E, 1)) and
the subsequent skip of the lower-bound computation.
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begin /* Main */
WSOD (identity, {(a, b) | s(a) = s(b)}, m)

end

The base constraint set up by our algorithm is given by the trivial inequivalence relation im-
posed by determinism of A (see Section 2). However, if the graph under examination is strongly
connected A must also be codeterministic'®. The base constraint and the value of d can be mod-
ified accordingly.

We used the standard LAPACK (Linear Algebra Package) library to compute the eigenvalues
that are necessary for Hoffman’s bound. LAPACK returns suitable error codes if the computa-
tion fails, but this is never the case due to the good linear properties of adjacency matrices of
undirected graphs.

We used Brian Borchers’s CSDP (C Semidefinite Programming) package [Bor99] to compute
Lovasz’s ¢ function (CSDP is built on LAPACK). The computation, however, must be turned
on with an option.

The search for an optimum solution stops if a solution is found that cannot be improved. How-
ever, very little is known about lower bounds for the number of colours that can give WSOD to
a graph. Indeed, besides the obvious bounds imposed by determinism (and possibly codeter-
minism), we just know that a graph that is outregular, but not Cayley, cannot be given minimal
sense of direction [BV97], and this condition is clearly of almost no practical use. The precom-
putation of any better lower bound for WSOD would reduce significantly the search space.

Currently, the function h that we use chooses a pair of arcs so to maximize the product of the
degrees of the corresponding vertices of H(E, 1); this heuristic helps Edwards and Elphick’s
lower bound to grow quickly.

There may be differences in the actual enumeration on different machines: opt wsod uses
I'i bc’sgsort () function in several occasions, and the behaviour of gsor t () is undefined
on equal keys.

In Figure 3 we show the tree explored by an execution of the algorithm on the graph of Figure 2.
At each node we display a synthetic representation of the corresponding equivalence-inequivalence
constraint, and on the right the associated graph (the reader can easily match the nodes of the graph
with the equivalence classes). The arc (x, y) is simply written as xy. A real execution would have
stopped as soon as the solution with two colours had been found, but for demonstration purposes we
showed also the remaining part of the tree.

8 Experimenting with Weak Sense of Direction

In this section we give two examples of optimality results obtained by opt wsod (of course, we
cannot include all our experimental data). As a first example, consider Petersen’s graph. Since it is
not Cayley, we need at least 4 colours to give it sense of direction, and indeed opt wsod has found the

LThis is not true, however, if nonhomonymous WSOD is considered.
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01=10=20.10 #12] | [or=1010 212,00 £20] |~

No WSOD
12=20 12 # 20
01 =10,12 = 20,10 # 12, 01 # 20 I 01 =10,12 # 20,10 5 12,01 # 20| V
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Figure 3: An execution of the algorithm on the graph of Figure 2.
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colouring shown? in Figure 4. Another interesting example is given by a butterfly with four inputs.

Figure 4: An optimal (but not minimal) WSOD for Petersen’s graph.

Using the techniques described in [BV], it is easy to show that such a butterfly can be given WSOD
using six colours, and the corresponding (very regular) colouring is shown on the left of Figure 5.
However, opt wsod gives the (minimal, optimal and symmetric, but not so regular) solution on the
right, which is by all means nontrivial and defies manual verification. Finally, in Figure 6 we show a

a b a b a a b b
c d © f d c d a
e f a c
a b c d
a b c d
c d d b
c d d c
a b d c
a b a a
€ f b b
[ d o f b C p b
a b - a b a a ~ d T

Figure 5: Two WSODs for a butterfly (the second one is minimal).

simple shuffle-exchange network with eight nodes: in this case, the optimal WSOD is not minimal,
as four colours are necessary (if the usual loops at the extremal nodes were added, the gap would be
larger by one). Also this result may come as a surprise; indeed, a measure of our ignorance about
WSOD optimality is given by the fact that this is the first nontrivial lower bound ever obtained for
a nonregular graph, and that the first example of a loopless graph whose optimal WSOD exceeds by
more than one its maximum indegree or outdegree was obtained only recently using opt wsod.

12Following a widely accepted convention, we represent pairs of parallel symmetric arcs as undirected edges with two
colours; the colour A((X, y)) is the one that appears close to y, whereas the colour A({y, x)) appears close to x.
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Figure 6: An optimal (but not minimal) WSOD for a shuffle-exchange network.

9 Conclusions and acknowledgements

Our (very preliminary) experimental results suggest that opt wsod might be fruitfully used to sup-
port the intuition about weak sense of direction, and to help the research concerning optimality.
Even though the algorithm already works quickly on sufficiently small graphs, there is still room
for improvements: in particular, we think that a suitable choice of the heuristic used can make the
computation faster.

We would like to acknowledge Alain Hertz (Ecole Polytechnique Fédérale de Lausanne), Brian
Borchers (New Mexico Tech) and Giuliano Grossi (Universita di Milano) for their cooperation.
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