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Abstract

PageRank is a ranking method that assigns scores to web psiggghe limit distribution of
a random walk on the web graph.fidration of graphs is a morphism that is a local isomorphism
of in-neighbourhoods, much in the same way a covering ptiojeds a local isomorphism of
neighbourhoods. We show that a deep connection relateidiisandVarkov chains with restayt
a particular kind of Markov chains that include the PageRan& as a special case. This fact
provides constraints on the values that PageRank can asdusieg our results, we show that
a recently defined class of graphs that admit a polynomiag¢-tisomorphism algorithm based
on the computation of PageRank is really a subclasibadtion-primegraphs, which possess
simple, entirely discrete polynomial-time isomorphisrgaithms based on classical techniques
for graph isomorphism. We discuss efficiency issues in th@lémentation of such algorithms
for the particular case of web graphs, in whiti{n) space occupancy (whereis the number of
nodes) may be acceptable, li¢m) is not (wherem is the number of arcs).

1 Introduction

PageRank [27] is one of the most well-known measures of itapoe of a web page: inspired by
previous works on the mutual citations for determining #levance of scientific papers, it is based on
the intuition that a web page is more important if it is linkedoy many important pages. PageRank
is one of the factors used by search engines to determinadee af answers to a query, a problem
of uttermost importance that is often referred tonse ranking whence the name “PageRank”.

One suggestive metaphor to describe the idea behind Pagéfké#re following: consider an
iterative process where every web page has a certain ambumbreey that will at the end be pro-
portional to its importance. Initially, all pages are givéie same amount of money. Then, at each
step, every page gives away all of its money to the pagesiitpod, distributing it equally among
them: this corresponds to the interpretation of links as @ twaconfer importance. This idea has a
limit, however, because there might exist groups of pagas“guck away” money from the system
without ever returning it back. Since we want to disallow tneation of such oligopolies, we force
every page to give a fixed fraction-1 « of its money to the State; the money collected this way is
then redistributed among all the pages either equally coraliig to some criterion, represented as a
vectorv whosei-th component is the fraction of money that will be given baxkage .

Such a system can be represented as a Markov chain and, a4l sleowi, it reaches a stationary
state for everyr < 1 and for every preference vecter The distribution of such stationary state is
the PageRank vector.

This formulation of PageRank can be generalised in many waygxample allowing parallel
links (a choice that will result extremely useful from a taaal viewpoint) and considering weighted
versions, so that every page can choose how the money givensiaccessors should be distributed

*This work is partially supported by MIUR PRIN Project “Autom linguaggi formali: aspetti matematici e applicativi”
and by EC Project DELIS.



among them. These generalisations naturally lead to r€eggRank as a special case of a perturbed
Markov chain [19, 29] that we calMlarkov chain with restart

The second player in this paper is a particular kind of grapinghism, calledyraph fibration[2].
The elementary definition we shall give has appeared in mboep in the scientific literature, most
notably in symbolic dynamics (left/right covers [22], réguhomomorphisms [25]) and spectral
graph theory (divisors [28] and semicovers [14]). Howewegraph morphism has an immediate
interpretation as a functor between free categories, atidbincase Grothendieck’s oldest notion of
fibration [10] reduces exactly to the elementary definitiashall use.

The main result of the paper shows that the existence of difibrd : G — B preserving
the colour on the arcs (i.e., the transition probabilitiesplies certain constraints on the value of
PageRank (actually: of the limit distribution of any Markolain with restart); more precisely, the
limit distribution associated t& must be fibrewise constant. This result provides a surgyibirk
between a purely combinatorial, discrete constructiontaedsalues of a limit process.

In the last part of the paper we study the implications of @suits, showing that the class of
Markovian spectrally distinguishable graphstroduced by Gori, Sarti and Maggini [8] as a class of
graphs possessing polynomial-time isomorphism algosthisactually a subclass fibration-prime
graphs The latter has very quick isomorphism algorithms, eas#yivid from partitioning algo-
rithms developed in the eighties [4], and in fact used by BeenMcKay’s programmaut y [23] for
computing canonical labellings, automorphism groups aothbrphisms between graphs. Finally,
we discuss the particular case of web graphs, in wki¢h) space occupancy may be acceptable, but
O(m) is not (heren andm are the number of nodes and arcs, respectively).

We discuss results that are at the intersection of seveealsargraph theory, Markov chains,
graph-isomorphism algorithms, and ranking of web pagesisTtve spend a significant part of the
paper to introduce the definitions that are necessary te statmain results. In passing, we make a
number of observations, mainly obtained from mathemaliteathture, that are apparently not widely
known in the computer science community, and that provideerimomediate proofs of some known
results.

2 Graph-theoretical preliminaries

A (directed multi)graph Gs defined by a sellg of nodes, a sefAg of arcs, and by two functions
se,tc : Ac — Ng that specify the source and the target of each arc (we skl ithe subscripts
whenever no confusion is possible). Given a set of col@nse say that a grap® is C-colouredif

it is endowed with aolouringfunctioncg : Ac — C. We use the notatioG (i, j) for denoting the
set of arcs from nodeto nodej, that is, the set of ara € Ag such thas(a) =i andt(a) = j; the
arcs inG(i, j) are said to bgarallel to one another. A graph separatedff it has no parallel arcs
A graph issymmetridff it is endowed with an involution(") : Ag — Ag such thas(a) =t(a) (and
consequently(a) = s(a)) for all arcsa € Ag. A loopis an arc with the same source and target.
Following common usage, we denote wili{—, i) the set of arcs coming intg that is, the set of
arcsa € Ag suchthat(a) =i, and analogously witks (i, —) the set of arcs going out of We write
dg(i) = |G(i, —)| for theoutdegreeof i in G anddg (i) = |G(—, i)| for theindegreeof i in G. The
maximum outdegree (indegree) is denoted@(Ag).

A path (of lengthn > 0) is a sequence = (igaji1---in—18nin), Whereix € Ng, a € Ag,
S(ak) = ik—1 andt(ax) = ix. We defines(z) = ig, t(;wr) = ip, |7| = nand letG*(i, j) = {7 |
s(r) =1i,t(w) = j } (the set of paths fromto j). We shall usually omit the nodes from the sequence
when at least one arc is present. We say ithe@dds to jand writei ~ j when there isr € G*(i, j)

1The name originates from the fact that such graphs are sepdma the double negation topology in the topos of graphs—
see [32].



such thatr| > 0. We say that and j communicateand writei «~ j wheneveli ~ j andj ~ i.

It is easy to observe that the reflexive closure~ef is an equivalence relation among nodes, whose
classes are called tlserongly connected componepfghe graph. Moreover, the relatier naturally
induces a partial order among such components.

An in-treeis a graph with a selected nodgthe root, and such that every other node has exactly
one directed path to the root; tifis a node of an in-tree, we sometimes tise- r for denoting the
unique path front to the root. IfT is an in-tree, we writd(T) for its height(the length of the longest
path). Finally, we writeT | k for the treeT truncated at height, obtained by deleting all nodes at
distance greater thdnfrom the root.

A graph morphism f: G — H is given by a pair of functiondy : Ng — Ny and fa : Ag —

Ay commuting with the source and target maps, thagisy fa = fn o Sg andty o fa = fy otg
(again, we shall drop the subscripts whenever no confusipossible). In other words, a morphism
maps nodes to nodes and arcs to arcs in such a way to presenwneittence relation. In the case of
C-coloured graphsf is acolour-preservingnorphism ifcg = cy o f. A morphism isepimorphic
(or anepimorphisniff fy and fa are both surjective. Unless otherwise stated, morphisrivedam
trees are required to preserve the root.

2.1 Fibrations

The central concept we are going to deal with is thajraph fibration[2], a particular kind of graph
morphism induced by the notion of fibration between categgori

Definition 1 A fibrationbetween the graphs G and B is a morphismG — B such that for each
arc a € Ag and for each node & Ng satisfying f(i) = t(a) there is a unique ar@ e Ac (called
thelifting of a ati) suchthat @) =aandt@) =i.

We inherit some topological terminology. f: G — B is a fibration,G is called thetotal graph
andB thebaseof f. We shall also say th&} is fibred (over B) Thefibre over a node ke Ng is the
set of nodes o6 that are mapped th, and shall be denoted biy~1(h).

There is a very intuitive characterisation of fibrationsdmh®n the concept of local in-isomor-
phism: a fibration is a graph morphisimsatisfying the

Local In-Isomorphism Property: If f(i) = f(j) there exists a (colour-preserving, @
is coloured) bijectiony : G(—,i) — G(—, j) such thatf(s(a)) = f(s(¥(a))), for all
aeG(—,i).

Another possible, more geometric way of interpreting thénition of fibration is that given a node
h of B and a pathr terminating ath, for each nodé of G in the fibre ofh there is a unique path
terminating ai that is mapped te by the fibration; this path is called thiéting of = ati, and it is
denoted byt .

In Figure 1, we show two graph morphisms; the morphisms apdi¢itly described by the colours
on the nodes. The morphism displayed on the left is not a fisraas the loop on the base has no
counterimage ending at the lower grey node, and moreoventtier arc has two counterimages with
the same target. The morphism displayed on the right, ondh&ary, is a fibration. Observe that
loops are not necessarily lifted to loops.

Given a graplG and a nodeé € Ng, define the in-tre&' as follows:

e the nodes of5' are the finite paths d& ending ini;

e there is an arc from the nodeto the noder’ iff 7 starts with ar@ and continues with path’
for some ara (if G is coloured, then the arc gets the same colow)as
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Figure 1: On the left, an example of graph morphism that isarfifbration; on the right, a fibration.
Colours on the nodes are used to implicitly specify the misipk.

We then define the graph morphissg : G' — G by mapping each node of G' (i.e., each path of
G ending ini) to its starting node, and each arc@f to the corresponding arc @. It is immediate
to check thatl; is a fibration. We calbl; the universal fibration of G at,jandG' the universal
total graph of G ati Such names are motivated by the following propertiest’ 6 an in-tree and
f : T — Gisafibration that maps the root to node¢hanT andG' are isomorphic. Moreover, every
other fibration with bas& factors the universal fibration, that is, for every fibratibn H — G and
for every nodej e f (i) there is a unique isomorphism G' — HJ such tha1v{3 =fo u,ﬂ oL

G -~ ~Ai
g
VG H
A
G

Now, by the universal property of universal fibrations it ismediate to see that nodes in the
same fibres have the same universal total graph (we shallistiiglish isomorphic total graphs).
The process can be actually reversed, as to any graph we sagiae itaninimum bas&, a graph
over whichG is fibred, and that ifibration primein the sense that it cannot be fibred nontrivially and
epimorphically (i.e., every epimorphic fibratidd — B is an isomorphismj. As a matter of fact,
the nodes o6 are actually the nodes @ quotiented with respect to the relation of having the same
universal total graph. Hence, all fibrations fragnto G (calledminimal fibration$ have the same
node component. Figure 2 shows a graph, its minimum basehandhiversal total graph of a node.

The construction of5 can be made effective by observing that isomorphism of usaldotal
graphs between nodes of the same graph is easily compultglderesult of Nancy Norris [26] that
we restate in our terminology:

Theorem 1 If G has n nodes, for all nodesj, G' = Gl iff G' | (n—1) = GJ | (n— 1), that s,
iff there is an isomorphism between the first i levels of the two trees.

2n fact, the partition induced by the fibres of the minimuméasthecoarsest equitable partitigrintroduced in the late
sixties by the community working on graph spectra. Indepetlgl, a tradition was developing in computer science about
graph partitioning a technique to label graph nodes in a way that is automarphisariant [31, 5]. Finally, in symbolic
dynamics the minimum base of a deterministically colounegph is theFischer coverof the graph seen assafic systerf22];
equivalently, if the graph is seen as a deterministic automall whose states are initial and final, the minimum bashes
minimum automaton.
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Figure 2: A graph (upper left), its minimum base (lower left)d the universal total graph of the
black node (right). Colours on the nodes are used to speajicitly the minimal fibration and the
universal fibration.

Fibration-prime graphs aneode-rigid— all their automorphisms are the identity on the nodes;
moreover the following property holds:

Proposition 1 A graph is fibration prime iff distinct nodes have non-isopioc universal total
graphs. Moreover, if two fibration-prime graphs have the easuat of universal total graphs, then
the graphs are isomorphic, and the node component of all machorphisms is unique.

We also recall that every action of a group on a graph indudésation, since the orbits satisfy
the local in-isomorphism property; in particular, a grapithvan automorphism that is nontrivial on
the nodes cannot be fibration prime.

3 Preliminaries about non-negative matrices and Markov chans

Let S be a finite set oktates A sequence of5valued random variable€Xk)ken is said to be a
(homogeneous finite) Markov chditg] iff for all k > 0 andig, i1,...,ik € S

Pr{Xk =10 | Xk—1 =11, Xk—2 =12,..., Xo =ik} = P{Xk =g | Xk—1 =1},

and the right-hand side does not dependd@whenever the left-hand side is defined). The vetr
defined bypi = Pr{Xo = i} is theinitial distribution, and the matrixP defined byRj = Pr{Xy =
j | Xk—1 = i} is thetransition matrixof the Markov chain. For anlg > 0, let py, be the vector of
the (marginal) probability distribution oy, i.e.,

(Pg); = PH{Xk =i}

and in particulamp) = p. Asitis easy to verify thap&) = p' PK, the entire behaviour of the chain
is established by its initial distribution and transitiomimx.

Note that| p|| = 1, and thatP is stochasti¢cthat is, all its rows are distributions or, equivalently,
P1 = 1, wherel is the vector whose components are all 1's. Such a m&rixaturally defines

3In this paper, all vectors areolumnvectors, the vector norrth — || is L1 and a non-negative vector with norm 1 is a
distributionover the set of its indices.



a separated graph with node sgtand with arcs coloured ofD.. 1] corresponding to non-null
transitions.

More generally, any non-negative square maMxnaturally defines a separat&t -coloured
graphG where Ng is the set of indices oM whereasAg = {(i, j) | Mij > 0}, s({i, j)) =i,
t((i, j)) = j andcg({i, j)) = M;jj. Conversely, given aR*-coloured grapl@, one can consider the
matrix M having Ng as set of indices, aniljj = ZaeG(i,j) cg(a). This correspondence restricts
to a bijection between the set of separalst-coloured graphs and the set of non-negative square
matrices. In the following, when no confusion is possible wi# denote both a matrix and the
corresponding graph with the same letter and we will say dhgtaphR*-coloured isstochastidff
the associated matrix fs.

Essentially, a stochastic graph is a convenient way to setethe transition matrix of a Markov
chain, with the additional freedom of being able to specifyitiple arcs between states. Note that
traditionally graphs have been used to defiardom walkg20]—a typical example of a Markov
chain: in that case, the states of the chain are the nodeswidirected graph, and the transitions
from a node to its neighbours are equiprobable. In our ggttims is equivalent to representing the
undirected graph as a a symmetric graph and setting the rcofoan arca to 1/d*(s(a)). More
generally, every (not necessarily symmetric) graphvithout sink§ can be coloured as above. We
call the colouring so obtained theatural random-walk colouringnd the associated Markov chain
thenatural random walk on G

As we have already observed, the behaviour of a Markov chainlgndepends on the properties
of its transition matrix. For this reason, in the next settive will recall some basic facts about
non-negative matrices.

3.1 Non-negative matrices

Given a non-negative matrid, we say thatM is primitiveif there exists a positive integ&rsuch that
all entries ofMK are positive and tha¥l isirreducibleif, for anyi andj, there exists a positive integer
k such that(M")ij > 0. It is easy to verify thaM is irreducible iff its graph is strongly connected
(i.e., iff it has one single strongly connected componefithe period of an indexi is defined as
ged{k > 0| (MY > 0}; an index is said to baperiodicif its period is 1. It is well known that
indices in the same strongly connected component have the pariod, so that, in particular, it is
possible to define the period of an irreducible matrix. Meexoif M;; > O (i.e., if there is a loop
ati) then the strongly connected component including aperiodic. A matrix is primitive iff it is
irreducible and aperiodic.

An important result on irreducible matrices (see, e.g.])[#the Perron—Frobenius Theorem,
stating that every non-negative irreducible matkixhas a positive eigenvalue, equal to its spectral
radius p(M), associated with a positive eigenvector. Mf is reducible a weaker statement holds:
p(M) is a (possibly null) eigenvalue d¥l and there exists a non-negative eigenvector associated
with it.

Indices can be classified as follows. An indéx said to beénessentialf there exists g such that
i ~ j,butj i, orifi leads to no index at all (this happens if thth row of M is null), otherwise
it is said to beessential It is easy to check that indices in the same strongly comdezdmponent are
all of the same kind, and that the essential components amadéximal elements of the partial order
induced by~-. In particular, the indices of an irreducible matrix are edsential. Note also that if
every row of M has at least a positive entry, then there exists at leastssental index (hence, one

4We useR™ to denote the set of positive real numbers.

5We observe that sometimes “stochastic graph” is used to meaaph generated by some stochastic process; here, on the
other hand, the graph, and its colouring, are fixed.

6A nodei of a graphG is a sink ifG(i, —) = @.



essential component). In particular, this implies that stoghastic matrix has at least one essential
index.

Finally, a non-negative matrix is said to baichainif all its essential indices form one single
strongly connected component; observe that a unichainbmaith no inessential indices is irre-
ducible.

3.2 Invariant and limit distribution

Going back to Markov chains, a chain is said taroeducible, primitive, cyclicor unichainaccording
to whether the transition matri is of this kind. Analogously, the states Bican be classified
into periodic, essentiabr inessentiabccording to the properties of the indices of the correspand
matrix.

A distribution pis invariantfor P if pT P = p' (thatis, if p is a left eigenvector oP). Also,
given a distributionp, when lim_, « p' PK is defined, it is called thémit distribution of p under
P. Observe that if lim|_, o, P¥ is defined, then lim, oo p' PK = pT (limk_ o0 P¥), but the left-hand
side of previous identity can be defined even if the right hsidé is not. A way to understand the
limit behaviour of the chain is to consider t®saro limit

= lim — Pk
= lim = Z

that, as it is well known [16], is always defined and is equdirta_,~ P¥ whenever the latter is
defined (in such a case, the latter is denotedPBs). In particular, it holds that

PP = PP* = (P*)?

a fact that allows to draw very general conclusions abouirbariant and limit distribution of the
chain, as summarised by the following

Proposition 2 Let P be a stochastic matrix. A distributiqmis invariant for P iff pT = q P* for
someq. Moreoverp is the limit distribution of a giver under P iff pT = qT P*. Finally, the limit
limk_ o T PK is defined for every distributioq iff limy_, o, PK is defined.

Notice that a simple consequence of the previous propasitidhat there is always at least one
invariant distribution.

Due to the previous considerations, the long-term behavwda Markov chain is completely
specified by the Cesaro limit of its transition matrix. Thmili depends on the properties X.
Indeed,P is unichain iff the Cesaro limit satisfied* = 1p", where the positive entries gf corre-
spond to the normalised left Perron eigenvector of the ircdale submatrix ofP corresponding to
essential indices [24]. By Proposition 2, this is equivaterthe following two conditions: there is a
unique invariant distribution; there is a unique limit dilstition (albeit it might happen that for some
distributionq the limit limx_, o qT PK is not defined). If we consider also the periodicity of indice
this leads to

Proposition 3 If P is a unichain stochastic matrix such that its essentidi¢es are aperiodic, then
limk_ oo PK = 1pT, wherep is the unique invariant distribution of P, afiny_,., q' PX = p for
every distributiong.

We conclude by noting in passing that the literature on sistib processes uses a slightly differ-

ent terminology. Since
Pr{Xx =i for infinitely manyk | Xo =i}

is equal to 1 or 0 according to whethieis essential or inessential, respectively, it is usual ib ca
essential stategecurrentand inessential onesansient Moreover, if the initial distribution of a



Markov process is invariant, then the process is statior@mthe other hand, if the transition matrix
is irreducible and the Markov chain is stationary, then thiéal distribution is the only invariant
distribution. For this reason, the invariant distributieinan irreducible Markov chain is also named
stationary

4 Markov chains with restart

We are finally going to introduce formally thraison d’étreof this paper: PageRank. First note that
the link structure of the web can be represented bywhb graph whose nodes are web pages and
arcs correspond to links. One could try to assign a greatdrt@pages that have a higher component
in the limit distribution of the natural random walk on the bvgraph. However, such an approach
presents some problems: what initial distribution showddchosen? Will the limit distribution be
unique? How fast will the process converge to the limit? A \[@&&] to overcome all these problems
is to perturb the random walk so to make it unichain and to e @tune its convergence speed.

Here we extend this idea from the random walk related to Pagk® any Markov chain; in this
way we can highlight several connections of PageRank andederanking schemes with previous
research on perturbed Markov chains, providing easy andtsired proofs of several useful results.

Perturbation theory of linear operators is a classic fie}] Hind several results are known for the
case of Markov chains [29]. A case of particular interesardganalytic perturbationsi.e., the study
of P(e) = P+ ¢Py + ¢2P> + ¢3P3 + ..., whereP and P(¢) are stochastic matrices, for a small
enoughe > 0 and for some matriceB, Py, P3,...; when 0= P, = P3 = ..., the perturbation is
said to bdinear.

Given a stochastic matriR, a distributionv, and a realr € [0. . 1), we define the matrix

AP,v,a) =aP+(1—a)lv'.

Itis easy to see tha® (P, v, ) constitutes a linear perturbation Bffor P, = 1" — P ands = 1—a.

A Markov chain with transition matrixZ(P, v, &) has the following interpretation as a stochastic
process: at every time step the next state is chosen withapility « according to the transition
probabilities given byP or, with probability 1— «, the chain is “restarted” at staitevith probability

vj. For this reason we call such a proceddarkov chain with restartAs anticipated, the introduction
of the perturbation is justified by the following

Theorem 2 For every stochastic matrix P and distributienif « € [0..1), then
e for every j suchthab; > 0, j is essential and aperiodic fa#Z (P, v, );
e Z(P, v, «) is unichain and all its essential indices are aperiodic.

Proof. Let R = Z(P, v, ). If j is such thav; > 0, then due to the contribution ¢f — a)lvT itis
immediate to conclude th&;; > 0 for every index, hencej is essential; moreover there is a loop
in j, so it is also aperiodic. Let nowbe an essential index & and consider g such that; > 0
(such index must exist, sinaeis a distribution); again, due to the contribution(@f— «)1v T, there

is an arc fromi to j, butj ~ i in R, otherwise would be inessential; hen¢eand j are in the same
strongly connected componeit.

Theorem 2 together with Proposition 3 imply that, for evetgchastic matrixP, any Markov
chain with restart having transition matriZ (P, v, ) has a unique limit (and invariant) distribution
r(P,v,a).

In this setting, PageRank as defined in [27] is the limit dstion r (W, 1/|Nw|, 0.85), where
W is the web graph endowed with the natural random-walk cagdr More generally, PageRank

"Provided thatV has no sinks; otherwise, sinks must be patched by adding &l other nodes.



has been studied as the limit distributipfWV, v, «) whenv is an arbitrarypreference vectofl2] or
considering thelamping factow as a real parameter [1].

We now recast some known results, originally obtained shgliPageRank, in our more general
framework. First of all, observe that Theorem 2 can be obktifalbeit in a more algebraic and less
intuitive way) noting that the perturbation induces a sgreeparation in the spectrum of the matrix:
if 1 > Ap > .. > ) is the spectrum oP, then the spectrum o# (P, v, «) is known [13, 6] to be

1>aky> - > akk.

Moreover, the fact that the second largest eigenvaluZ @, v, «) is less then or equal to0 < 1
implies
[a" (P, v, ~r(P.v, @) | = O

independently ofg. This is a very relevant fact from the application point oéwj as the limit
distribution can be efficiently obtained by successivet)lefultiplication of .y by Z(P, v, «) (the
well-known Power Method [24]).

Viewing r (P, v, «) as the invariant distribution, one can also obtain the cldeam [13]

r(P,v,a) = L—a)o' (I —aP)™ L, 1)

where(l — «P)~1is defined sincé — o P is non-singular for every < 1.
The behaviour of such invariant distribution and its relaghip witha has been deeply investi-
gated in [1], where the following Maclaurin expansion wasaired

oo
r(P, v, o) = vT + Zava(Pk N Pk,]_)
k=1

together with a closed form for the derivatives of any ordéhwespect tax. Incidentally, we observe
that such results could also be directly obtained from [2Bgme a Maclaurin expansion is given for
the more general perturbatior + (1 — o) P1, wherePy is stochastic and unichain.

The behaviour of (P, v, @) at the boundary values afis given by

r(P,v,0)=v'  and lim r(P,v,a) = v' P* (2)
a—1-
where the first identity is trivial and the second one (whizphthe way, confirms a conjecture stated
in [1]) can be obtained as follows. Thesolventof a stochastic matriP is the linear operator
R(u, P) = (ul — P)~1, defined for every: which is not an eigenvalue d?; it can be expanded
into aLaurent seriesaround every eigenvalue & [33, Chapter VIII, Section 8]. In particular, the
expansion around 1 is

* o0

+ Z(M _ 1)ka+1

k=0

R(u, P) =

u—1
for a suitable matriXQ. This implies that

lim (1 - p)R(u, P) = P*,

n—1t

whence, by applying (1), we get the limit (2).



5 Markov chains with restart and fibrations

It is now time to present our main result. We are going to eefdirations and Markov chains with
restart, by showing that the limit distribution (and thugRank values) along a fibre must be con-
stant. This provides, by means of a purely combinatoriaktroigtion, an exact constraint on a limit
process.

Given anR™-coloured graplG and a non-negative vectorover Ng, we define the formal power
series vector(G, v, o) as

o0
2(G,v,a) = (L—a)v" Zaka.
k=0
If the spectral radius o6 is not greater than 1 and € [0.. 1), then the series convergestb—
a)vT (I —aG)~L. Recalling (1), this implies the following
Theorem 3 For every stochastic graph G, distributiananda € [0..1), the vectorz(G, v, «) is
the unique invariant distribution of the matri® (G, v, «), that is, z(G, v, &) = r (G, v, ).

The seriesz(G, v, ) can be expressed in terms of the path&in First notice that the colour
functionc of the graph can be extended by multiplication to all pathsdtying

c((ioani1 - - -ik-1&ik)) = [ c(@)).
i
The definition is motivated by the fact thatGfis separated and stochastic, then

C({ipagiy - - -ik—18kik)) = Pr{Xk =ik, Xk—1 = ik-1,..., X1 =i1| Xo = io}

where(Xy)ken is any Markov chain with transition matri&. Note that, in particular, for a 0-length
paths, we havec(r) = 1. Then, for every, j € Ng andk € N we have

(Gk).: > ),
U e im=k

and hence
(G vo)=0-a) Y  a"lugmcr) ®3)
7eG*(—,]j)
for every nodej € Ng.
The values of the formal seriegs—, —, —) are preserved by fibrations, provided that the vectors
involved are suitably transformed. Given a fibratibn G — B and a non-negative vectorover
Ng, we define thdifting of u along f as the vectou" overNg such thau), = uy ).

Theorem 4 For every colour-preserving fibration fG — B and non-negative vectarover Ng,
2(G, uf,a) = z(B, u,o:)f

Proof. We must prove that; (G, uf, ) = z i)(B, u, a) for every node node of G. Let us ex-
tend f to paths and consider its restriction & (—, i), which maps paths iG*(—, i) to paths in
B*(—, f(i)). The restriction is a bijection becaudeis a fibration, and thus paths lift uniquely.
Hence,

> a‘”'(uf)s(ﬂ) cmy= Y  o"Plusaycf@n= > oFlusg ),
7eG* (i) 7eG*(—,i) geB*(—, f(i))
and the result follows from (31

In particular, this implies thaz(G, u’, «) is fibrewise constant. We conclude that the same must be
true of the limit distribution:

10



Theorem 5 Let G be stochastic, f G — B be a colour-preserving fibration anda non-negative
vector over Ny such thatuf is a distribution over M. Then the limit distributiorr (G, uf, o) is
fibrewise constant for every € [0..1).

5.1 Applications to PageRank

The most immediate application of these results to PageRaark easy consequence of Theorem 5:
if a graphG contains two nodes that are in the same fibre of some col@sepring fibration, then
they have the same PageRank foreglprovided that the preference vector is fibrewise constadt a
G is endowed with its the natural random-walk colouring.

A more general result can indeed be obtained. Suppose yautavgraphss; and G, with nj
andny nodes respectively, colour them with their natural randeatk colouring, and suppose they
are epimorphically fibred over the same graphwith two fibrationsf; : Gy — Bandf,: G, — B
that respect the colouring. For instance fifand f, are outdegree-preserving fibrations aBds
not coloured, you can coloB so thatf; and fo respect the colouring: this is possible, because if
fi(a1) = fa(ap) (for somea; € Ag, anday € Ag,) then the outdegree afa,) is the same as the
outdegree 08(ap), soa; andaz must have the same colour.

Assume now thait; € Ng, andiz € Ng, are two nodes that are identified by the two fibrations
(i.e., f1(i1) = f2(i2)), and consider the vectotg = 1/n; anduz = 1/n, over Ng. By Theorem 3
and Theorem 4,

fi,(G1, U, @) = 7, (G1, ult, @) = ¢y (B, ug, @) =

ni f

na na f
= — Z;(i,)(B, U2, @) = — 7,(G2, U2, @) = — 1i, (G2, U2, ).
n f(i) (B, U2, @) Ny ir(G2, u?, ) N2 (G2, Uy’ )
In particular, the PageRank values pandi2, computed with uniform preference vector, coincide
up to the multiplicative constaim /n.

6 Fibrations and stochastic graphs

The results of the previous section make it clear that it tergsting to build fibrations having a
stochastic graph as total graph; howeverf if G — B is a colour-preserving fibration, ar@ is
stochasticB needs not be stochastic itself. Since we are interestedéhastic graphs that are fibred
over a common base, we approach the problem of charactgRsircoloured graph® over which
stochastic graphs can be fibred. To this aim, initially wdlskguire the fibration to preserve colours
only up to a multiplicative constant.

Formally, given arR*-coloured grapiB, we want to establish necessary and sufficient conditions
under which there exists a stochastic gr&hnd an epimorphic fibratiofi : G — B that preserves
colours up to a multiplicative constait > 0, that is,c(f(a)) = A - c(a) for alla € Ag. The
constraints we provide will turn out to be a special conseqaef a more general property on the
eigenvectors of the matric& and B, that will be discussed in Section 6.1.

The first step towards this goal is a combinatorial desaniptf all possible fibrations oveB.
There is a standard representation for fibrations [14, 2] ¢ixéends the results about the classical
representation of coverings by voltage assignments [9p@morphic fibration oveB whose fibre
overh has cardinalityn,, is described by:

1. a nonempty seff, of cardinalityn, for each nodén of B;

2. afunctiong, : Fx — Fp for each ara € B(h, k).

11



Figure 3: An example of the construction@f(upper part) fromB (lower part); fibersH, andFy are
enclosed in dotted ellipses{ = 4 andny = 3).

Essentially, for each node & we fix a fibreF,. Then, we know that we must add @®exactly|Fx|
copies of each arc d8 ending ink, and each copy must end in a distinct elemenfpfas we need
to lift uniquely that arc to each element Bf). Our only freedom now is to decide which node will
be thesourceof each copy, and the source is provided exactly by the fangty, which defines the
source of the copy associated with each elemeri.ofWe assume for simplicity that thig,'s are
pairwise disjoint.

Geometrically, we are stackin@n| nodes of the grapls overh, as illustrated in the example of
Figure 3. Then, for each aecof B going fromh to k and every nodé¢ € Fy, we add an ar@! in G,
setting its target tg, and we freely choose its sourge(j) in Fn.8 Clearly, if we want to preserve
colours up to multiplication by, a copy of ar@a will have to be coloured bg(a)/A.

These data define a total gra@tthat has nodelsJ,, Fn, and arcg J, B(—, k) x Fx. Anarc(a, j)
goes fromp,(j) to j. Finally, we define the fibratiori : G — B that maps every nodec Fy, to h,
and every arda, j) toa.

If we additionally impose thab is stochastic, we must require that for all node$othe sum of
the colours of the outgoing arcs is exactly 1, that is, fonalliesh of B and alli € F, we require

Y Y c@ivalh =ila=1, 4

keNpg aeB(h,k) jeFk

where we used Iverson’s notation (a predicate between étaitlas value 1 if true, 0 if false).
The condition we have given is not easily manageable. Hormvewe can derive a much more
interesting necessary condition. Let us sum averFu:

ZZ Z Zc(a)[fﬂa(j)=i]=)\nh.

i eFp keNg aeB(h k) jeFk

Rearranging the summation order, we get to

Y @Y Y lga(i) =i1=2n.

keNg aeB(h,k) ieFnjeFx

8The data defining a fibration actually induce a preshea®drand this correspondence extends to an equivalence between

the category of fibrations ovés and the category of presheaves®it see [2].
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Figure 4: A graph over which no stochastic graph can be fibred.

Now, the double internal summation is trivialg, and once we move it outside, the summation over
a just givesBnk. Thus, we arrive at
Z BhkNk = Ann, 5)
keNg
which is an eigenvalue problem of the forBn = An, wheren is a vector of fibre cardinalities. In
other words, we have proved the following

Theorem 6 Given anR™"-coloured graph B, if there exist a stochastic graph G and pimerphic
fibration f : G — B that preserves colours up to a multiplicative constant 0, then B has a
positive integer eigenvector associated witlivhose h-th component is the cardinality of the fibre
over h (i.e.| f ~1(h))).

Observe that the necessary condition of the previous thedsesatisfied, for instance, whel is
irreducible and has rational entries. On the other handcéimglition is not sufficient: the existence
of a positive integer eigenvector & does not guarantee the existence of a fibration from a stichas
graph, as equations (4) on sets may not be satisfiable. Gorisidexample the grapB in Figure 4.
The vectom = (3, 1)T is a solution of equation (5) for = 1. However, there is no way to define
the functionsp, so to satisfy (4).

Finally, we note thaB cannot have two positive eigenvectors associated witindist’s, since
the following proposition holds.

Proposition 4 Let A be a non-negative matrix, and assume=AAx for somex > 0. Theni equals
the spectral radiug (A) of A.

Proof. Note that necessarily is real and non-negative. Letbe a non-negative eigenvector as-
sociated with the spectral radius = p(A). Then there is am > 0 such thatx — sv > 0, so
A"(x — gv) > 0. This entails

M|l = A = [AN(X — ev) + eAMo|| = [|e AMo[| = p" |0,

sop™ = O(AM), and since. < p we haver = p. 1

So, in particular, iff : G — Bandg: H — B are two epimorphic fibrations that respect colours up
to factorsh andu, respectively, then necessarlly= n. This fact allows one to rescale the colouring
of B in a unique way (dividing by. = u): this observation explains why we consider only fibrations
that do respect colours.

6.1 A deeper look

Actually, the computation we carried over has a much moreggmeaning when we look at it the
other way around: ifw is a right eigenvector oG associated with the eigenvalue the equation
Gw = Aw can be rewritten as the system of equations

Z Z c@wj = Awj,

jeNg aeG(i,j)

13



wherei € Ng. Summing ovei € f ~1(h) for any nodeh of B we obtain (after a rearrangement)

Z Z Z C(a)wjzkz wj .

jeNGief-1(h)acG(i.j) ief-1(h)

The two internal summations actually correspond (becabisieedlifting property) to a summation

over arcs ofB:
Z Z c@wj =2 Z wj.

jeNg aeB(h, 1 (j)) ief-1(h)
If we now break the summation ovgras a double summation over the nodesBoénd over their

fibres, we obtain
Z Z Z c@wj =1 Z wi,

keNg jef-1(k)aeB(h, f(j)) ief-1(h)
and this finally leads us to

Z Z c(a) Z wj=ZBhk Z wjzkz wj.

keNg aeB(h,k) jef=1(k keNg jef-1(k ief-1(h)

The last equation exactly states that the vectayver Ng defined byuy = Zief,l(h) wj IS an
eigenvector oB associated with the eigenvalugprovided that it is nonzero. In other words,

Theorem 7 Given anR*-coloured graph G and a colour-preserving fibration. G — B, ifwis a
right eigenvector of G associated with the eigenvaluthen the vectou defined by

is a right eigenvector of B fok, provided thatu = O.

The previous theorem is a dual counterpart of the classidtrabout lifting of eigenvectors used in
spectral graph theory [28], which states that a left eigetoras of B associated with the eigenvalue
A can be lifted to an eigenvector for the same eigenvalue byingjts coordinates fibrewise. Now,
Theorem 6 can be obtained as a special consequence of Th&prasting that being stochastic is
equivalent to having as a right eigenvector associated with the eigenvalue 1.

6.2 Computing over the base

Theorem 4 gives a precise relation between the formal se(@su’, «) andz(B, u, «) whenever
f : G — Bis a colour-preserving fibration. @ is stochastic and f is a distribution oveNg, then
z(G, uf, o) is indeed the limit distribution of any Markov chain with tag having transition matrix
Z(G,u’, a); hence, if we are interested in computing such a distrilmytice can actually perform
the computation oveB, which might be much smaller. Here we must be careful, howeBds not
itself stochastic, and is not a distribution, s@(B, u, @) does not admit a stochastic interpretation.
In particular, algorithms that are commonly used to compute, —, —), like [11, 7, 21, 18, 17],
cannot in general be applied to this case. However, by The@ethe matrixB admits a positive
eigenvector associated with the eigenvalue 1 and this all@xto proceed as follows.

It is possible to transform ang™-coloured graptB to obtain a stochastic grag®l (having the
same underlying graph &), whenever the matrix associated wighadmits a positive eigenvector
w. It is sufficient to define the colouring functiahof B’ by setting for each ara

, 1w
c@@a=———
P Ws(a)

where p is the spectral radius dB andc is its colouring function. The resulting graph is indeed
stochastic:
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Proposition 5 If B is an R*-coloured graph whose matrix admits an eigenveator 0, then the
graph B is stochastic.

Proof. By Proposition 4, the eigenvalue associated witfs the spectral radiug of the matrixB.
Moreover, it is easy to show that

B = EDiag(w)*1 B Diag(w)
0

where B’ denotes, as usual, the matrix associated with the ged@imd, as it is immediate to see, is
stochasticl

The following theorem illustrates how the formal serigs-, —, —) changes when transforming
a graphB (whose matrix has a positive eigenvector) into the stoahgsaphB'.

Theorem 8 If B is anR*-coloured graph such that its matrix admits an eigenveatos 0, then,
for every non-negative vectorover Ng,

2(B. U, o) = 1 % Diag(w)~! z(B', Diag(w)u, ap),
0

—
wherep is the spectral radius of B.

Proof. First of all, notice that for every patia

1w
Car (1) = — — =

p|7[| w

cg(m).
s(m)

Thus, by equation (3), we get

zn(B'u, )

(1-a) Z o lusr) car () =

neB*(—,h)

7] ; -1

o u z,(B, Diag(w)™"u, a/p)

— wh § (-) —ws(”) ce(m) = wh T ,
TeBH(—.h) 1Y s(rr) a/p

hence the resuli

As a consequence of the previous observations, we obtafoltbe/ing

Theorem 9 Let G be a stochastic graph, fG — B be a colour-preserving epimorphic fibration,
andv be a fibrewise constant distribution ovegNLetw = (wi)keng be the vector whose k-th entry
iswk = | f~1(k)|. Then, for every node i of G,

1 .
r|(G, v, Ol) = F()rf(l)(B/s Dlag(w)us a)v
I

whereu is such that = u’.

Proof. First note thatB’ is a stochastic graph (sinck being epimorphic implieaw > 0) and
Diag(w)u is a distribution oveiNg, hence the right-hand side is well-defined. Applying Theo&
and Theorem 4, we have

G, u',a) =z (G, u’, @) = z)(B, u, @),

whence the result is obtained by applying Theorem 8 (with 1) and again Theorem 3 #®'. I
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Figure 5: Two graph& andB (with a fibrationf : G — B), and the corresponding stochastic graph
B’

Given a stochastic grap8 and a distributiorw over Ng, the previous theorem suggests that we
should try to compute a fibratioi : G — B such thatv is fibrewise constant, so to compute
the limit distribution on a smaller graph. Indeed, there isi@aimum Bwith such a property, as
the theorems given in Section 2.1 extend immediately [2]raphs coloured on the nodes (where
colours of the nodes represent the preference veadbthe Markov chain with restart) and fibrations
preserving all colours. We shall see in Section 7 Batan actually be computed quite efficiently.

6.3 A worked-out example

Consider the grapt® shown in Figure 5 (left), endowed with its natural randomiwalouring. The
graph is fibred oveB, shown in Figure 5 (centre), via the colour-preserving fioraf : G — B
defined on the nodes bfy~1(0) = {0, 1}, f~1(1) = {2, 3} and f ~1(2) = {4, 5, 6, 7} (any definition
on the arcsis fine). Now suppose you want to compute the Pafiel®aresponding to the preference
vector

v = (1/20,1/20,1/20, 1/20,1/5,1/5,1/5,1/5,1/5)".

Since this vector is fibrewise constant, we can apply Thed®ewith u = (1/20,1/20,1/5)7,
w = (2,2,4)T andB’ obtained by recolouring, as shown in Figure 5 (right).

In other words, we apply the standard PageRank computatitvetgraphB’ using the preference
vector Diagw)u = (1/10, 1/10, 4/5); a direct computation gives

(0 + 80+ 1,8+ +1a?+a+8

r(B’, Diag(w)u, a) = 102 +a + 1)

Hence, for example, applying Theorem 9,

1 ) 8a?+a+1
2(G, v, o) = Sra(B', Diagw)u, @) = 555~

7 The computation of the minimum base and graph isomorphisms

As observed at the end of Section 6.2, Theorem 9 suggesigthan a Markov chain with restart
specified by a stochastic grahand a distributiorv, we should try to obtain a minimal fibration
f : G — B such thaw is fibrewise constant, so to compute the limit distributioneosmaller graph.
Formally, we are considering the following problem
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Problem MINIMUM BASE LABELLING
Input A graphG and a preference vectorover Ng

Output Alabelling? : Ng — {0, 1,...,k—1}such that, for any two nodésj € Ng, £(i) = £(j)
iff i andj are in the same fibre of any minimal fibration for whiclis fibrewise constant.

An algorithm for MINIMUM BASE LABELLING producesanonical labellingsff its output is auto-
morphism invariant.

This problem is actually equivalent to the well-knoyartition refinemenproblem, assuming
that the initial partition is the one induced by the prefesmectorv. Starting from ideas appearing
in Hopcroft's minimal-automaton construction [15], Candand Crochemore [4] devised a partition-
refinement algorithm that in our terminology computes th@imum base labelling of a directed
graph. Their algorithm does nger seprovide canonical labellings, but it can be easily adapted t
do so, and works in tim®©((n + m) logn), for an uncoloured graph with nodes andn arcs).

Indeed, this idea is not new, and has been used earlier [2B¢ople working on graph iso-
morphism. This comes as no surprise, since graph isomarpbétween fibration-prime graphs can
be solved in polynomial time. As a matter of fact, by Progositl, if we establish a canonical order
on labelled trees, we can canonically sort the nodes of atifior@rime graph; once the nodes are
sorted, the isomorphism problem for fibration-prime grapais be solved with a linear check.

For general graphs, in one of the seminal papers on the $uUbje€orneil and Gottlieb essen-
tially propose to build the minimum base first, and then tcsogaon the fibres separately. If the
minimum bases are not isomorphic, of course, isomorphismg®ssible. Brendan McKay pushed
this idea much further writing one of the fastest graph-iegrhism solverspaut y [23], which is
also able to compute generators for the automorphism groapit y starts by building theoars-
est equitable partitiorof the nodes, which in our language is the minimum base fosymemetric
representation of the graph. If the fibres are trivial, thgoathm can canonically sort the vertices
and perform a check. Otherwise, the algorithm starts a backing procedure, trying to break fi-
bres by choosing selected elements. The time required éocahstruction of the minimum base is
o(n? logn) for a graph withn nodes.

The connection between graph isomorphism and minimum besesecently resurfaced, albeit
unnoticed, in a paper by Gori, Sarti and Maggini [8]. Theypwee a polynomial isomorphism
algorithm for a class of graphs defined in terms of PageRandraph withn nodes is said to be
Markovian spectrally distinguishablié there are valuesv, a1, ..., an—1 of the damping factor
whose associated PageRank vectors form an invertible xnafiiis class is in fact subsumed by
fibration-prime graphs, since

Theorem 10 A Markovian spectrally distinguishable graph is fibratiorirpe.

Proof. A nonprime graph is nontrivially fibred over its minimum based by Theorem 5 it contains
at least two nodes whose PageRank values are the same faiusb\wof the damping factor. As a
consequence, it is impossible to build an invertible matising a set of PageRank vectors (at least
two columns will always be equal).

The converse of the previous theorem does not hold. The giaphin in Figure 6 is fibration prime
(check the universal total graphs at depth three), and hetexts the PageRank vector is

a+1 1 11\
22+ a) 2Q2+a) 4’ 4]

SWe observe that in [4] the authors give @fmlogn) bound, but there seems to be a mistake in the computatioreof th
bound, which is more correctl@((n + m) logn).
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Figure 6: A fibration-prime graph that is not Markovian spelly distinguishable. Nodes 2 and 3
have the same PageRank, independentty. of

so node 2 and 3 have the same PageRank (independenfly\¢e conclude that the class of Marko-
vian spectrally distinguishable graphs is strictly snraifen the class of fibration-prime graphs.

All in all, we conclude that the isomorphism of fibrationipe graphs (and fortiori of Marko-
vian spectrally distinguishable graphs) is decidablenmetO ((n + m) logn) using purely discrete
means. The space used by the above algorithr@(is + n). The PageRank-based algorithm pro-
posed by Goriet al. comes with no detailed complexity analysis (the authors fagice that the
overall algorithm must run in polynomial time), whereas va@ obtain an almost linear upper bound.

The algorithms considered so far actually deal with uncadwgraphs only. The original paper
aboutnaut y does not discuss coloured graphs, whereas Cardon and @rocéis does; however,
the authors assume to be able to enumerate in linear timecallndth a given colour This is in
contrast with a more realistic model in which arcs are enategrin linear time, and then a constant-
time colouring function provides the colour for each arc.rdem and Crochemore’s algorithm can
be easily patched to work with the latter model, but in thisecthe time bound becom&s((n +
mlogm) logn). The algorithm used bgaut y can be adapted similarly.

7.1 SpaceO(n)

When dealing with very large web graphs, maybe using a cossprerepresentation (see, e.g., [3]),
it is not always possible to use spadém). In this section we discuss how to implement a minimum
base algorithm in additional spa€®(n) (besides the space required to store the graph), paying of
course a price in terms of computation time.

Let us start with a simple informal description of the algfam. Throughout the algorithrk is
the number of labels, and: N — {0, 1, ...,k — 1} is asurjectivelabelling of nodes: at the end
of the algorithm, two nodes will have the same label iff thayénthe same universal total graph or,
equivalently, if they are in the same fibre of any minimal fttoa.

Let G be aC-coloured graph with colouring functiom: A — C, and assume a linear order on
the colours. The algorithm performgefinement stepntil no more refinement is possible:

1. Setk = 1 and¢ to the unique functioMN — {0}.

2. Foreach nodg if G(—,i) = {ag, &1, ..., a3-()—1}, then letm(i) be the multiset

m(i) = {(c(an), £(s(a0))), (c(a1), £(S(a1))). - . ., (C(ag-()-1). £(S@g-(i)-D)) } ;
updatel so that two nodesandj have the same label iffi(i) = m(j).

3. If k = n or the codomain of has not changed, stop; otherwise, ls¢d the cardinality of the
codomain of¢ and restart from (2).

We assume a standard model in which it is possible to iterade the list of incoming arcs in
linear time. Thus, the crux of the algorithm is the updateheflabelling functior?. Since we have a
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problem of uniqueness, a possible approach is enumerdngtiltisetan(i) in sorted order: equal
elements will be enumerated consecutively, making itadfito update’.

To accomplish the task, we must define an easily computabér on multisets of pairs i€ x N.
The pairs themselves can be easily ordered lexicographisaiceC is ordered, and by choosing for
each multiset aortedcanonical representative we will be able to compare mudtisea lexicographic
fashion.

The first point to examine, thus, is the time required to complie canonical representative for
all multisets. Note that we are sorting, for each nada list ofd— (i) elements, which can be easily
done in timeO(d~ (i) logd~(i)). This gives an overall bound of

> 0(d™(i)logd™(i)) = O(n+ mlogm).
ieN

for the construction of canonical representatives.

We now sort the canonical representatives using a mergecsoefully counting the number of
times a canonical representative is used: after each cisopaone element is emitted, and each
element is emitted exactly once. We conclude that no morerhkst elements are ever compared,
so the most important cost in a merging phase is the time redjtd build all canonical forms (since
we want to obtain spac®(n), we cannot build all representatives and reuse them fortelbes):
multiplying by logn (the number of merging phases) and recalling Theorem 1 wehgdollowing

Theorem 11 A mergesort-based algorithm for the construction of theiiirm base with on-demand
canonical representative construction uses timg@+mlogm) logn) and space @n+A~), where
A~ is the maximum indegree of G and q is the number of refinenegrg.st

The presence ok~ is due to the fact that at some point the list for the node veithdst indegree will
have to be built. If the graph is separatéd; < n, and the bound reduces @(n). A similar bound
can be obtained for quicksort if the implementation useaaanedians as pivots. The number of
refinement stepg in the worst case i©(n), but experimentation with actual web graphs shows that
it is actually much smaller, making the algorithm feasiblerefor very large graphs.

We remark that the labels assigned by this algorithm arerdaab as they correspond to the
lexicographic order of the universal total graphs.

8 Experimental results and conclusions

The discussion of the previous section highlights a rath&résting fact: there is an entirely discrete
algorithm (the construction of the minimum base) whose otitipy Theorem 4, imposes constraints
on the values of the limit distribution of a Markov chain. Bha limit process is constrained by a
discrete process computable in polynomial time. Of coutsecondition provided by Theorem 4 is
sufficient only, but nonetheless it is fascinating that tiseiéte structure of the underlying graph can
impose such a significant constraint on the limit distribnti Moreover, Theorem 9 can be used, at
least in principle, to reduce the efforts required to corepthie limit distribution by performing the
actual computation on the base, which may be much smaller.

One may wonder whether this idea can be fruitfully appliedtifi@ computation of PageRank of
real-world web graphs; actually, it might be the case thahgyraphs are themselves fibration-prime,
which would make Theorem 9 useless in practice. On the cgnsame preliminary experiments
performed on real datasets show that real web graphs exhibinimum base that is about 3 times
smaller than the corresponding graph (see Table 1). Moreexperiments show that the time re-
quired by our algorithm to compute the minimum base makesisieeof Theorem 9 a viable option.
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Dataset | Number of nodes Number of fibres Average fibre sjze
WebBase 118,142,155 41,705,767 2.83
Lt 41,291,594 15,245,587 271
. uk 39,459,925 14,154,663 2.79

Table 1: Experimental results about the dimension of theirmmim base for some real-world Web
snapshots.
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Figure 7: The distribution of fibre cardinalities.
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As an aside, we observe that fibre sizes roughly follow a pdawerdistribution, as shown in
Figure 7; we don’t have any theoretical explanation of thist,fwhich certainly needs further inves-
tigation.

There is more, however: if we interrupt the minimum base troiesion algorithm at stef (in
the O(n) version) we obtain a partitioning of the nodes into classewisg the firstk levels of
their universal total graph. Thus, in the case of a Markovirchdth restart, the difference of the
limit distribution for two nodes in the same class is bountgdX. Once again, we have a purely
combinatorial computation that imposes constraints orvéhges of the limit distribution.

Acknowledgement.We would like to acknowledge Daniel Fogaras who provided fisseproof
of the limit in (2), for the special case of uniformand primitive P, thus being the first confirming
the conjecture stated in [1].
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